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AbstractÐPseudoexhaustive testing of a combinational circuit involves applying all possible input patterns to all its individual output

cones. The testing ensures detection of all detectable multiple stuck-at faults in the circuit and all detectable combinational faults within

individual cones. Test pattern generators based on coding theory principles are not tailored to a specific circuit as they do not utilize

any structural information. They usually generate test sets that are several orders of magnitude larger than the minimum size

pseudoexhaustive test set required for a specific circuit. In this paper, we describe hardware efficient test pattern generators that

employ knowledge of the circuit output cone structures for generating minimal test sets. Using our techniques, we have designed

generators that generate minimum size test sets for the ISCAS benchmark circuits.

Index TermsÐTest pattern generators, linear feedback shift registers, pseudoexhaustive testing.
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1 INTRODUCTION

EXHAUSTIVE testing of a combinational circuit involves
exercising the circuit with all possible input patterns.

Such testing assumes no fault model and ensures detection
of all detectable combinational faults in the circuit. A
detectable fault in a combinational circuit is one that can be
detected at one or more outputs with a single or multiple
input patterns. A combinational fault in a combinational
circuit is one that does not cause the circuit to exhibit any
sequential behavior and, hence, is detectable with a single
input pattern. The test time associated with exhaustive
testing increases exponentially with the number of inputs to
the circuit. For circuits with a large number of inputs,
exhaustive testing is very time consuming and may not be
practical.

Pseudoexhaustive testing attempts to reduce the large

test time required for exhaustive testing. Pseudoexhaustive

testing of a combinational circuit involves exercising each

output cone with all possible input patterns. An output cone

consists of all logic that feed the output. An output is said to

depend on an input if there exists at least one directed path

from that input to the output. The number of inputs on

which an output depends is referred to as the dependency of

that output. The time required for pseudoexhaustive testing

is proportional to the dependencies of the outputs.

Pseudoexhaustive testing ensures detection of all detectable

combinational faults within individual output cones and all

detectable multiple stuck-at faults in the circuit.

Consider a combinational circuit with n inputs and m
outputs. Let k be the maximum value among the depen-
dencies of the m outputs. The circuit can be characterized as
an �n;m; k� circuit as only these three parametersÐthe
number of inputs �n�, outputs �m�, and the maximum
dependency �k� among output conesÐdetermine the size of
a pseudoexhaustive test set. Exhaustive testing of the circuit
requires 2n patterns which may be prohibitive for large
values of n. Pseudoexhaustive testing involves applying
exhaustive tests to the m output cones. Generation of
optimal pseudoexhaustive test sets for an �n;m; k� circuit is
a hard problem. The sizes of the test sets are bounded below
and above by 2k and 2n, respectively.

Autonomous linear feedback shift registers (LFSRs) are
extensively used for generating binary test sequences [1].
LFSRs are characterized by their feedback connections
represented as polynomials. For a nonzero initial state, the
period of an LFSR is the number of states generated prior to
repeating the initial state. An n-stage maximal length LFSR
has a period of 2n ÿ 1 states and utilizes a primitive
polynomial for its feedback connections. A maximal length
LFSR can be enhanced with a nonlinear gate to produce an
all-zero state. Pseudoexhaustive test pattern generators
(TPGs) are usually based on maximal length LFSRs. TPGs
can be classified as either universal or circuit-specific.

Cellular automata-based [2] TPGs are not considered in
this study as their hardware overhead is usually high
compared to LFSRs and their feedback connections are
usually represented as a characteristic matrix instead of
simple polynomials. This study is restricted to external-
XOR type LFSR [3] as they naturally form a shift register
among successive stages.

Universal TPGs designed for �n;m; k� circuits are
applicable for all circuits with the same values of n and k.
They generate test sets containing binary n-tuples that cover
all k-dimensional subspaces. In other words, any k columns
of the sequence of n-tuples contain all 2k possible patterns.
These test sets can be generated by LFSRs based on constant
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weight codes [4], linear codes [5], [6], or cyclic codes [7].
Coding theory principles are used for determining the
feedback polynomials for the LFSRs. However, for a specific
�n;m; k� circuit, a test set of size much smaller than that of
the universal test set usually exists.

Circuit-specific TPGs such as LFSR/SRs [8], [9] and
LFSR/XORs [10], [11], [12] can be designed for a given
�n;m; k� circuit by utilizing the knowledge of the circuit
output cone structures. An LFSR/SR consists of an LFSR
and a shift register (SR) and can be implemented with low
hardware overhead. However, the pseudoexhaustive test
set generated by LFSR/SR is often significantly greater than
the lower bound (2k). On the other hand, a pseudoexhaus-
tive test set close to the lower bound can be generated by
LFSR/XOR. An LFSR/XOR is composed of an LFSR and an
XOR network and often incurs high hardware overhead.
This paper describes novel circuit-specific TPGs that are
efficient both in terms of utilizing hardware and generating
minimal test sets. Our TPG designs are based on the
principles of LFSR/SRs and LFSR/XORs. The practicality
and efficiency of our TPGs are demonstrated on the ISCAS
benchmark circuits.

Theoretical upper bounds on pseudoexhaustive test
lengths generated by LFSR/SRs and LFSR/XORs are
derived in our companion paper [13]. These bounds are
sensitive to the ordering of the circuit inputs and we have
developed an efficient method to permute the circuit inputs
to obtain the best improvement on the output cone-
dependent bounds. The quality of these bounds is demon-
strated by comparing them to existing bounds [10], [8]. In
this paper, we present our TPG designs that generate
pseudoexhaustive tests within the tight upper bounds.

The paper is organized as follows: Section 2 deals with
the main concepts associated with LFSR/SRs and LFSR/
XORs and provides the background and motivation for our
work. The characteristics of our TPG designs are described
in Sections 3 and 4. Section 5 deals with the TPG design
procedure and experimental results are presented in
Section 6. The conclusions are presented in the last section.

2 LFSR/SRS AND LFSR/XORS

Consider an �n;m; k� circuit with its inputs being driven by
an n-stage register. Let the inputs be denoted as �1; �2; . . . ; �n
and the register stages be denoted as s1; s2; . . . ; sn, respec-
tively. The register is configured as a circuit-specific TPG
during the test mode.

The �n;m; k� circuit can be exhaustively tested by
configuring the n-stage register as a maximal length LFSR
with P �x� as its feedback polynomial. Running the LFSR
through its period (and including the all-zero pattern)
generates all possible n-bit patterns. The unique sequence of
2n binary values generated at an individual stage of the
LFSR is referred to as a test signal. Stage si of the register
also corresponds to the ith stage (i � 1; 2; . . . ; n) of the TPG.
The test signal generated by stage si is characterized by the
residue ri of that stage [8]. In general, the residue ri is
computed as �r0i � x� mod P �x�, where r0i is the residue of
the test signal feeding the input of stage si. For an external
LFSR, since stage siÿ1 directly feeds stage si, the residue ri is
given by �riÿ1 � x� mod P �x�. The residue r1 representing

the test signal generated from stage s1 is considered as the
reference with value one (i.e., r1 � 1). The residues
r1; r2; . . . ; rn, given by 1; x; . . . ; xnÿ1, represent the n inde-
pendent test signals generated by the LFSR stages
s1; s2; . . . ; sn, respectively.

For an �n;m; k� circuit, an LFSR/SR TPG can be
constructed by trying all primitive polynomials of degrees
k; k� 1; . . . ; w1 (where w1 � n) until a TPG of degree w1 is
found that generates an exhaustive set of patterns for each
of the m output cones of the circuit. The first w1 stages of the
register are configured as a maximal length LFSR with
primitive polynomial P1�x� of degree w1. The remaining
�nÿ w1� consecutive stages are connected as a shift register
(SR). The LFSR/SR structure is shown in Fig. 1a. The LFSR
stages generate w1 independent test signals represented by
the residues 1; x; . . . ; xw1ÿ1, respectively. Assuming n < 2w1 ,
the SR stages generate �nÿ w1� unique linear combinations
of these w1 independent test signals. For stage si, the
residue ri, given by xiÿ1 mod P1�x�, is a unique linear
combination of the residues r1 through rw1

. For example, if
ri equals 1� x, then ri is a linear combination of the
residues r1 and r2. Hence, the test signal applied to the
input �i is a linear combination of the test signals applied to
the inputs �1 and �2. Residues rw1�1 through rn are fixed by
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Fig. 1. TPG structures (a) LFSR/SR and (b) LFSR/XOR.



the polynomial P1�x�. We shall refer to the LFSR/SR
structure described above as single LFSR/SR. The TPG is
represented as a �w1; n� LFSR/SR composed of n stages and
consisting of an LFSR of degree w1. The following theorem
provides the necessary and sufficient condition for exhaus-
tive testing of the output cones of the circuit.

Theorem 1 (Barzilai [8]). An output cone that depends on the
inputs �i1 ; �i2 ; . . . ; �ik will be exhaustively tested if and only if
the residues ri1 ; ri2 ; . . . ; rik are linearly independent.

For an �n;m; k� circuit, an LFSR/XOR [10] can be
constructed as follows: Let w2 (where k � w2 � n) be the
required number of independent test signals for the LFSR/
XOR structure as per the design procedure in [10]. A
predetermined set of w2 stages of the register (not
necessarily the first w2 stages) is configured as an LFSR
with a primitive polynomial P2�x� of degree w2. The w2

stages of the LFSR generate w2 independent test signals
represented by the residues 1; x; . . . ; xw2ÿ1, respectively. A
predetermined set of �nÿ w2� specific linear combinations
of these w2 independent test signals are generated using the
remaining �nÿ w2� stages of the register and an XOR
network. These �nÿ w2� test signals are applied to the
remaining �nÿ w2� inputs. The residues for these �nÿ w2�
test signals are computed as the linear combinations of the
residues 1; x; . . . ; xw2ÿ1. The LFSR/XOR structure is shown
in Fig. 1b. The TPG is represented as a �w2; n� LFSR/XOR
consisting of an LFSR of degree w2 and generating n specific
test signals for the circuit inputs. LFSR/XORs incur high
area overhead due to the XOR network, but generate
minimal pseudoexhaustive test sets by utilizing information
about cone dependencies.

Both LFSR/SR and LFSR/XOR generate independent
test signals from their LFSR stages. For the LFSR/SR, the
linear combinations for the remaining stages are fixed by
the feedback polynomial. For the LFSR/XOR, any desired
linear combination of the test signals can be generated using
an XOR network and assigned to the remaining inputs. The
flexibility of generating arbitrary linear combinations of test
signals in LFSR/XORs does not exist in LFSR/SRs. Hence,
for some circuits, LFSR/SRs generate larger test sets than
LFSR/XORs. However, LFSR/SRs incur low area overhead
due to the avoidance of the XOR network.

Design operations, such as reconfiguration of feedbacks,
permutation of stages and sharing of test signals, can be
applied to single LFSR/SRs to obtain reconfigurable LFSR/
SRs [14], permuted LFSR/SRs [9], and sharing LFSR/SRs [7],
respectively. These operations have the potential to avoid
linear dependencies in the residue sets of the output cones
and thus reduce the test length, but result in increased
hardware overhead.

A reconfigurable LFSR/SR [14] has the capability to
reconfigure its feedback taps to realize different primitive
polynomials for different test sessions. For a single LFSR/
SR, a single feedback polynomial is selected such that the
residue sets for all cones are linearly independent. For a
reconfigurable LFSR/SR, a minimal set of feedback poly-
nomials is selected such that the residue set for each cone is
linearly independent for at least one of the polynomials. The
feedback taps are reconfigured using multiplexers to realize

a different primitive polynomial during each test session. A
subset of output cones is exhaustively tested during each
session and each cone will be exhaustively tested in at least
one of the sessions. Reconfiguration hardware overhead can
be minimized by judiciously selecting polynomials that
have common feedback taps.

A permuted LFSR/SR [9] is essentially a single LFSR/SR
whose stages form a permutation of stages of the register. In
other words, stage si of the TPG need not necessarily drive
the input �i of the circuit. The inputs are permuted such that
the residue sets for all cones are linearly independent. A
single LFSR/SR that could not be used because of the fixed
assignment of residues may lead to an acceptable solution
after reassigning the residues. The permutation of the
inputs can result in hardware overhead due to the routing
among the TPG stages.

A sharing LFSR/SR [7] allows sharing of test signals
among different inputs, i.e., a residue can be assigned to
more than one input. Unrelated inputs are assigned the
same residues and identical test signals are applied to them.

These design operations enhance the capabilities of
single LFSR/SRs by only a limited amount. In the next
section, we will describe a new TPG design, called convolved
LFSR/SR, which is an important extension to single LFSR/
SR. For simplicity of presentation, we shall discuss
convolved LFSR/SRs without reconfiguration of feedbacks,
permutation of stages, and sharing of test signals. Never-
theless, convolved LFSR/SRs can also be constructed to
take advantage of these design operations.

3 CONVOLVED LFSR/SRS

A convolved LFSR/SR is derived from a single LFSR/SR
design. Circuit inputs are sequentially assigned residues
generated by the successive stages of a single LFSR/SR.
During the assignment process, it may not be possible to
assign a residue to an input due to linear dependencies for
some output. Stages whose residues cause linear depen-
dencies are skipped, as shown in Fig. 2a. This single LFSR/
SR ensures linear independence for all outputs, but has
more stages than the input register. The extra stages
required by the single LFSR/SR can be avoided by using
XOR gates, as shown in Fig. 2b. The resulting structure is
referred to as convolved LFSR/SR.

A �w; n� convolved LFSR/SR for an �n;m; k� circuit can
be designed as follows: Residues generated by a single
LFSR/SR of degree w are considered for assignment to
circuit inputs. The inputs are assigned residues one at a
time, avoiding linear dependencies with already assigned
residues. Let the inputs �1 through �i be assigned the
residues r1 through ri, respectively. Stages s1 through si of
the convolved LFSR/SR are identical to the single LFSR/SR.
Assume that input �i�1 cannot be assigned any of the
residues ri�1; ri�2; . . . ; ri�jÿ1 because all of them are linearly
dependent on already assigned residues for some output.
Residue ri�j is then selected for assignment to the input
�i�1, as shown in Fig. 2a. The single LFSR/SR requires
�jÿ 1� extra stages (shown as shaded stages in the figure)
whose residues are not assigned to inputs. These extra
stages are avoided in the convolved LFSR/SR design.
Stage si�1 of the convolved LFSR/SR is made to generate

1230 IEEE TRANSACTIONS ON COMPUTERS, VOL. 49, NO. 11, NOVEMBER 2000



the residue ri�j by feeding the residue ri�jÿ1 at its input. Let
the residue ri�jÿ1 be a linear combination of the residues
r�; r�; . . . ; r�, generated by the stages s�; s�; . . . ; s�, respec-
tively. These residues are combined using XOR gates and
drive the input of stage si�1, as shown in Fig. 2b. Stage si�1

is referred to as the feedforward stage and a maximal set of
contiguous stages, e.g., stages s1 through si, is referred to as
a shift register segment. The assignment process is continued
until all the inputs are assigned residues such that the
residue sets for all output cones are linearly independent.
The stages between the feedforward stages form shift
register segments. The area overhead for the convolved
LFSR/SR design is given by the number and size of XOR
gates used to realize the individual feedforward stages.

Example 1. Consider the �6; 5; 3� circuit shown in Fig. 3 with
inputs �1 through �6 and outputs O1 through O5. The
input dependencies for the five outputs are given by
f�1; �2; �3g, f�1; �3; �4g, f�2; �3; �5g, f�2; �4; �6g, a n d
f�3; �5; �6g, respectively. Let the inputs be driven by an
input register whose stages are denoted by s1 through s6.

Let us design a �3; 6� convolved LFSR/SR for this
example circuit. Consider the residues from a single
LFSR/SR based on P1�x� : x3 � x� 1. Residues r1

through r4 are assigned to inputs �1 through �4 without
any linear dependence problem. Residue r5 cannot be
assigned to input �5 since the residue set fr2; r3; r5g �
fx; x2; x2 � xg for output O3 is linearly dependent.
Skipping residue r5, inputs �5 and �6 are assigned

residues r6 and r7, respectively, as shown in Fig. 4a.
This assignment ensures linear independence of the
residue sets for all five outputs. The extra stage required
by the single LFSR/SR can be avoided using a two-input
XOR gate for the convolved LFSR/SR. Stage s5 of the
convolved LFSR/SR can generate the residue r6 by
feeding r5 at its input. Residue r5 is obtained by
combining the residues r2 and r3. Hence, the linear
combination of the outputs of stages s2 and s3 is fed as
input to stage s5, as shown in Fig. 4b. The convolved
LFSR/SR can exhaustively test all outputs with 23 � 8
patterns.
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Fig. 2. Convolved LFSR/SR: (a) Residue assignment for inputs; (b) TPG stages.

Fig. 3. A (6, 5, 3) circuit.



Theorem 2. A �w; n� convolved LFSR/SR exists for generating

pseudoexhaustive tests for an �n;m; k� circuit if and only if

there exists a �w; n� LFSR/XOR for the circuit.

Proof. (If) Consider any �w; n� LFSR/XOR designed for the

�n;m; k� circuit. The LFSR/XOR can be transformed to

an equivalent �w; n� convolved LFSR/SR as follows: The

residues for the test signals generated by the LFSR/XOR

stages are determined from the XOR network. These

residues can be generated from the corresponding stages

of the convolved LFSR/SR by making some stages

feedforward stages if necessary. In constructing the

convolved LFSR/SR, design operations such as sharing

of residues and permutation of inputs may be required.
(Only if) It is sufficient to show that any convolved

LFSR/SR can be transformed to an equivalent LFSR/
XOR. The residues of the convolved LFSR/SR stages are
determined from the TPG structure. The XOR network
for the LFSR/XOR can be designed such that the
corresponding stages of the LFSR/XOR generate the
assigned residues. tu

Convolved LFSR/SRs have great potential to generate

minimal test sets. They bridge the gap between LFSR/SRs

and LFSR/XORs. A trivial convolved LFSR/SR is one

without any feedforward XOR gates and is simply an

LFSR/SR. On the other extreme, any stage of a convolved

LFSR/SR can be made a feedforward stage to generate any

desired residue using XOR gates similar to LFSR/XOR.

Typically, convolved LFSR/SRs achieve low test lengths,

like LFSR/XORs, and require low area overhead, like

LFSR/SRs. The linear independence for the outputs is

assured by adding XOR gates to stages whenever necessary.

However, most of the stages form shift register segments,

thereby avoiding high area overhead.
Though the functionality provided by a convolved

LFSR/SR can also be realized using a simple LFSR/SR

whose stages that give rise to linear dependencies are

skipped, the number of stages skipped can be prohibitively

large. The hardware overhead due to the use of

feedforward stages in a convolved LFSR/SR is typically

much lower than that due to skipped stages in the

corresponding LFSR/SR realization.

4 MULTIPLE LFSR/SRS

A multiple LFSR/SR forms a special case of a convolved

LFSR/SR. It is composed of two or more independent single

LFSR/SRs that are run in parallel. The single LFSR/SRs

have identical feedback polynomials, but may have

different shift register lengths and initial seeds.
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A multiple LFSR/SR is also derived from a single LFSR/
SR. A multiple LFSR/SR for an �n;m; k� circuit can be
constructed as follows: Assume the residue assignment for
the inputs shown in Fig. 5a ensures linear independence for
all output cones. Let both n0 and n00 be greater than or equal
to w and the sum of n0 and n00 be n. Residues r1 through rn0

are assigned to inputs �1 through �n0 , respectively. Residues
rn0�1 through rjÿ1 are skipped and not assigned to any
input. Residues rj through rj�n00ÿ1 are assigned to inputs
�n0�1 through �n, respectively. The single LFSR/SR requires
�jÿ n0 ÿ 1� extra stages (shown as shaded stages in the
figure) whose residues are not assigned to inputs. These
extra stages are avoided in the multiple LFSR/SR design.
Stages s1 through sn0 of the input register are modified to a
�w; n0� single LFSR/SR. Stages sn0�1 through sn of the input
register are modified to another �w; n00� single LFSR/SR. A
�w; n�multiple LFSR/SR composed of a �w; n0� and a �w; n00�
single LFSR/SRs is shown in Fig. 5b. Both single LFSR/SRs
have identical LFSRs of degree w.

A residue assigned to an input can be expressed as a
linear combination of the residues r1; r2; . . . ; rw. The
residues r1; r2; . . . ; rw are generated by the LFSR stages of
the first single LFSR/SR. Let an initial seed S be applied to
the LFSR portion of the first single LFSR/SR. From this
seed, the initial contents for the rest of the stages of the
multiple LFSR/SR can be determined. For example, if an
input �i is assigned a residue which is a linear combination
of the residues ri1 ; ri2 ; . . . ; rik (where i1; i2; . . . ; ik < w), then
the initial content of stage si is a linear combination of the
initial contents of the stages si1 ; si2 ; . . . ; sik . This initialization
ensures that stage si of the multiple LFSR/SR generates the
residue assigned to input �i.

Example 2. A multiple LFSR/SR for the �6; 5; 3� circuit
shown in Fig. 3 can be designed as follows: The residue
assignment for the inputs shown in Fig. 6a satisfies the
linear independence of residue sets for all outputs. We

can construct a multiple LFSR/SR composed of two �3; 3�
single LFSR/SRs, as shown in Fig. 6b. Both single LFSR/
SRs are based on the same primitive polynomial
x3 � x� 1. The stages of the first LFSR/SR generate
residues r1, r2, and r3. Let an initial seed S1 � 100 be
applied to the first LFSR/SR. The initial seed S2 for the
second LFSR/SR is determined such that its stages
generate the residues r5, r6, and r7. Input �4 is assigned
the residue r5, which is the linear combination of the
residues r2 and r3. Hence, the initial content of stage s4 is
zero, which is a linear combination of the initial contents
of the stages s2 and s3. Thus, the initial seed of the second
LFSR/SR is computed as S2 � 011. The stages of the
multiple LFSR/SR generate the assigned residues shown
in Fig. 6a. This multiple LFSR/SR generates 23 � 8
patterns to exhaustively test all the five outputs.

The following theorem characterizes the relation be-
tween multiple LFSR/SRs and convolved LFSR/SRs.

Theorem 3. A �w; n� multiple LFSR/SR exists for generating
pseudoexhaustive tests for an �n;m; k� circuit if and only if
there exists a �w; n� convolved LFSR/SR for the circuit where
the length of each shift register segment is at least w.

Proof. (If) For the �w; n� convolved LFSR/SR, since the shift
register segments are of length at least w, each one of
them can be modified as an independent single LFSR/SR
with the same feedback polynomial as that of the
convolved LFSR/SR. The initial seeds for the single
LFSR/SRs are the same as the initial seeds of the shift
register segments of the convolved LFSR/SR.

(Only if) It is sufficient to show that any multiple
LFSR/SR can be transformed to an equivalent convolved
LFSR/SR. The independent single LFSR/SRs of the
�w; n� multiple LFSR/SR can be modified to form shift
register segments of a �w; n� convolved LFSR/SR. The
initial seed of the multiple LFSR/SR determines the
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residues generated by the individual stages. For the
convolved LFSR/SR, the feedforward stages are made to
generate their assigned residues by using XOR networks.
The remaining stages of the convolved LFSR/SR auto-
matically generate their respective assigned residues.
The resulting convolved LFSR/SR has each shift register
segment having at least w stages. tu

Multiple LFSR/SRs utilize an XOR network for realizing
the feedback polynomial of the individual single LFSR/SRs.
On the contrary, convolved LFSR/SRs utilize XOR net-
works for realizing the feedforward stages. The hardware
overhead due to the XOR networks is the deciding factor for
selecting either a multiple LFSR/SR or a convolved LFSR/
SR. It is usually hard to construct a multiple LFSR/SR that
generates as small a test set as that of an ªoptimalº
convolved LFSR/SR due to the restriction on the length of
the shift register segments.

Fig. 7 highlights the characteristics of various TPG
designs based on empirical observations. Among the four
TPG designs, single LFSR/SRs generate the largest test sets,
but often incur the least hardware overhead. At the other
extreme, LFSR/XORs generate the smallest test sets, but
usually require the most hardware. Convolved LFSR/SRs
generate small test sets like LFSR/XORs, but require less

hardware. The arrows indicate the possible transformations
from one TPG design to another. Any convolved LFSR/
design can be transformed to an LFSR/XOR design and vice
versa. Similarly, any multiple LFSR/SR design can be
transformed to a convolved LFSR/SR design. However, a
convolved LFSR/SR design can be transformed to a
multiple LFSR/SR design provided the shift register
segments are of lengths greater than or equal to the degree
of the LFSR (refer to Theorem 3). Similarly, a multiple
LFSR/SR design can be transformed to a single LFSR/SR
design provided the length of the shift register segment
equals the number of inputs to the circuit.

5 DESIGN PROCEDURE

For an �n;m; k� circuit, designing a convolved LFSR/SR that
is optimal in terms of both pseudoexhaustive test length
and hardware overhead involves:

1. considering each primitive polynomial of degree k
and if necessary of higher degree,

2. assigning all possible combinations of residues that
can be generated by the polynomial to circuit inputs,

3. ensuring linear independence of all residues as-
signed to circuit inputs for each output cone,

4. minimizing the number of feedforward stages, and
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5. minimizing the hardware in terms of the number of
XOR gates required to realize each feedforward
stage.

The exponential computational complexity involved in

determining an optimal convolved LFSR/SR can be

avoided by undertaking a pragmatic approach to design a

suboptimal TPG. Practically, a �w; n� convolved LFSR/SR

can be designed for an �n;m; k� circuit as follows: A

primitive polynomial P �x� of degree w is selected as the

feedback polynomial. The polynomial can generate �2w ÿ 1�
unique residues from r1 through r2wÿ1 and all of them can

be considered for assignment to the inputs. The number of

possible residues is exponential in the degree of the

polynomial. Only a few residues, say r1 through rN , are

considered for input assignment. This limits the number of

convolved LFSR/SR designs to be considered. The shift

register segments are constrained to have a desired

minimum length, say l. This constraint attempts to reduce

the number of feedforward stages and, hence, the area

overhead due to the XOR networks. A �w; n� multiple

LFSR/SR can be obtained by restricting l � w and a �w; n�
single LFSR/SR can be obtained by restricting l � n. It may

be necessary to repeat the design procedure for different

primitive polynomials to obtain an efficient TPG.

Procedure TPG

Input: Input dependencies for all the outputs of �n;m; k�
circuit;

A primitive polynomial P �x� of degree w � k;

�l� :: minimum length requirement for the

noninitial shift register segments;

�N� :: maximum number of residues considered

for assignment.

Output: Residue assignment for the inputs;

Initial seeds for the shift register segments;

XOR network for the feedforward stages.

1. residues ();

/* determines residues for the inputs such that the

sets of residues for all outputs are linearly

independent. */

2. seeds ();

/* determines the seeds for the TPG stages such that

the inputs are driven by the test signals that

represent the corresponding assigned residues. */

3. network ();

/* determines the XOR network to implement the

linear combinations of the test signals for the

feedforward stages. */
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Procedure residues ()

1. Assign residues r1 through rw to inputs �1

through �w.
2. i �w� 1�; j �w� 1�.

/* residue rj is assigned to input �i */
3. While not all inputs are assigned residues do

a. If �i � w� and �j � w� 1� exit with failure.
b. If �N ÿ j� < �nÿ i� /* not enough residues left

for remaining inputs */
then fi i0; j �j0 � 1�g
(where i0 � iÿ 1 and rj0 is the residue assigned
to input �i0 ).

c. Assign residue rj to input �i.
d. If the assigned residues are linearly independent

for all outputs,
then i �i� 1�.

e. j �j� 1�.
f. If the last shift register segment length < l

/* requirements not met */
then fi i00; j �j00 � 1�g
(where i00 is the first input in the last shift register
segment and rj00 is the residue assigned to
input �i00 ).

4. Print the residue assignment for the inputs.

Procedure seeds ()

1. For every input �i do
a. Determine the residue ri0 assigned to input �i.
b. If ri0 contains the term r1 �� 1� initialize stage si

to 1,
else initialize stage si to 0.

2. Print the initial values of all stages.

Procedure network ()

1. For every feedforward stage si do
a. Determine the residue ri0 that should appear at

the input of stage si.
b. R ;. /* R contains the collection of residues to

realize ri0 */
c. While (ri0 6� 0) do

i. Determine the residue rj0 from a stage j�< i�
which differs from the residue ri0 in
minimum number of terms.

ii. R R [ rj0 : ri0  ri0 � rj0 .
d. Combine the residues in R using two-input XOR

gates.

5.1 Determination of Residues

The iterative search procedure progressively assigns resi-

dues to the inputs. The linear independence among the

residues for all outputs is checked after every assignment.

The linear independence is determined by the matrix rank

determination procedure outlined in [8]. Backtracking

occurs whenever there are not enough residues left for the

unassigned inputs or a shift register segment length

becomes less than l. The procedure reports after all inputs

are assigned residues. Alternate primitive polynomials are

considered if a convolved LFSR/SR cannot be determined

with P �x�. The convolved LFSR/SR will generate a
minimum test set only if the degree of the selected
polynomial equals k. Note that if the TPG designed by this
procedure requires a test length greater than 2k, then
operations such as reconfiguration, permutation, and
sharing can be used to attempt to obtain a TPG with lower
test length.

5.2 Determination of Seeds

The first w stages generate independent signals and these
stages are initialized with the seed 100 . . . 0. All other stages
generate linear combinations of these signals as given by
their assigned residues. For stage si, if the assigned residue
is a linear combination of the residues ri1 ; ri2 ; . . . ; rik (where
i1; i2; . . . ; ik < w), then the initial content of stage si is a
linear combination of the initial contents of the stages
si1 ; si2 ; . . . ; sik . Among the stages s1; s2; . . . ; sw, only stage s1

has nonzero initial content. Hence, stage si is initialized to
nonzero value only if its assigned residue contains the term
r1 � 1. The initial seed determined by this method ensures
that the TPG stages generate their respective assigned
residues.

5.3 Determination of XOR Network

The feedback and the feedforward stages need XOR gates to
realize their assigned residues. The XOR network required
by the feedback stage is specified by its feedback taps. The
XOR network for a feedforward stage si is determined as
follows: From the residue assigned to the input �i, the
residue (say ri0 ) of the test signal that needs to be fed at the
input of stage si is determined. This residue ri0 is obtained
as the linear sum of a minimal number of residues from the
earlier stages. Since it employs a greedy heuristic, the
procedure network gives an upper bound on the number of
two-input XOR gates to realize the feedforward stages.

Multiple LFSR/SRs can be realized if the shift register
segments are of length at least equal to the degree of the
feedback polynomial P �x�. In this case, each shift register
segment is transformed into an independent single LFSR/
SR with P �x� as the feedback polynomial.

6 EXPERIMENTAL RESULTS

We have designed various pseudoexhaustive TPGs for the
ISCAS85 combinational benchmark circuits [15]. The cir-
cuits were partitioned using our partitioning procedure [16]
so that all output cones have 20 or fewer inputs. The test
length for the TPGs is tabulated in Table 1. The first three
columns in the table describe the characteristics of the
benchmark circuits before and after the application of the
partitioning procedure. Three circuit specific TPGsÐcon-
volved LFSR/SRs, multiple LFSR/SRs, and single LFSR/
SRsÐwere designed for the partitioned circuits. The last
three columns in the table denote the pseudoexhaustive test
length for these TPG designs.

The TPGs effectively utilize the information about the
circuit output cone dependencies. For each circuit, only two
primitive polynomials were considered while designing
convolved LFSR/SRs and multiple LFSR/SRs and up to
100 primitive polynomials were considered while designing
single LFSR/SRs. Both convolved LFSR/SRs and multiple
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LFSR/SRs generate minimum test sets for all the parti-
tioned circuits. For example, the partitioned c3540 circuit
has a maximum dependency of 20 inputs and, hence, any
pseudoexhaustive test set must contain at least 220 patterns.
The best single LFSR/SR found generated a test set with 222

patterns.
LFSR/XORs can be designed by transforming the

convolved LFSR/SR designs (refer to Theorem 2). LFSR/
XORs will also generate minimum test sets for all the
partitioned circuits. However, many XOR gates may be
needed for realizing the LFSR/XOR structures.

Because of practical limitations, single LFSR/SRs were
determined by considering only 100 primitive polynomials
of each degree. Due to this restriction, there may exist single
LFSR/SRs for the partitioned circuits with smaller degrees
than those shown. For the partitioned c6288 circuit, no
single LFSR/SR design was found, in spite of trying

100 primitive polynomials of degrees from 20 to 40. The
circuit contains a few outputs driven by 19 consecutive
inputs and one nonconsecutive input. Single LFSR/SRs
failed to generate exhaustive test sets for these cones. On the
other hand, both convolved LFSR/SRs and multiple LFSR/
SRs generated test sets due to their flexibility in assigning
residues. This flexibility is evident by another set of
convolved LFSR/SR designs for the partitioned benchmark
circuits that can be found in [17].

Table 2 presents the details about the residue assignment
for the convolved LFSR/SR designs for the partitioned
benchmark circuits. The first two columns provide the
characteristics of the partitioned circuits. The exponent
terms for the feedback polynomial, the residue assignment
for the stages, and the length of shift register segments are
given by the third, fourth, and fifth columns, respectively.
For example, for the partitioned c432 circuit, the convolved
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LFSR/SR design is based on the feedback polynomial
P �x� : x20 � x6 � x4 � x� 1. The residue assignment for all
the 56 input register stages is given by the fourth column.
Stages s1 through s36 are assigned residues r1 through r36,
respectively. Stage s37 forms a feedforward stage and stages
s37 through s56 are assigned residues r49 through r68. The
lengths of the two shift register segments are 36 and 20,
respectively. All convolved LFSR/SR designs have very few
shift register segments and each segment is of length at least
equal to the degree of the LFSR. The residue assignments
can be easily mapped into multiple LFSR/SRs for the
circuits.

Table 3 presents the details about the single LFSR/SR
designs for the partitioned benchmark circuits. The feed-
back polynomials and the residue assignments are given by
the third and fourth columns, respectively. The hardware
overhead involved in these designs is given by the number
of 2-input XOR gates required to realize the LFSR structure.
For example, for the partitioned c432 circuit, seven XOR
gates are needed to realize the LFSR of degree 20.

A comparison of test lengths and hardware overhead
among the TPG designs is given in Table 4. Columns 3, 5,
and 7 present the pseudoexhaustive test lengths for the TPG

designs. The hardware overhead in terms of 2-input XOR

gates required for realizing the TPG designs is given in

columns 4, 6, and 8, respectively. For example, the number

of XOR gates utilized in TPG designs for the partitioned

c432 circuit is computed as follows: The convolved LFSR/

SR residue assignment for c432 is comprised of two shift

register segments with stage 36 forming a feedforward

stage. This stage can be realized as the linear sum of the test

signals from the output of stages 7, 9, 15, and 19 using three

XOR gates. The LFSR requires three XOR gates and, hence,

the convolved LFSR/SR requires six XOR gates. For this

circuit, a multiple LFSR/SR can be realized by transforming

the two shift register segments into two independent single

LFSR/SRs. Since each LFSR requires three XOR gates, the

multiple LFSR/SR design also requires six XOR gates. On

the other hand, a single LFSR/SR design requires seven

XOR gates for this circuit. It should be noted that the TPG

hardware overhead reported here are in addition to the

hardware needed to partition the original benchmark

circuits. Overheads due to routing of signals and feedback

connections are ignored. The hardware overhead for

partitioning the benchmark circuits is reported in [16].
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Both convolved LFSR/SRs and multiple LFSR/SRs
generate minimum test sets for all the partitioned bench-
mark circuits. However, multiple LFSR/SR designs usually
incur less hardware overhead than convolved LFSR/SRs. It
should be noted that only an upper bound on the number of
XOR gates required for convolved LFSR/SRs is given in the
table. This is due to the fact that the procedure network uses
a suboptimal heuristic to determine the XOR network for
the feedforward stages. Single LFSR/SRs generate mini-
mum test sets only for three circuits c432, c880, and c2670.
For these circuits, the multiple LFSR/SRs utilize either the
same number or fewer XOR gates than the single LFSR/
SRs. For the remaining circuits, single LFSR/SRs generate
up to four times the size of the minimum test sets. For these
circuits, multiple LFSR/SRs require less than twice the
number of XOR gates utilized by single LFSR/SRs.

7 CONCLUSIONS

In this paper, we have presented new hardware efficient
TPG designs to generate minimal pseudoexhaustive test
sets for combinational circuits. These TPGs utilize the
information about the circuit output cone dependencies.
Convolved LFSR/SRs have great potential to generate
minimum test sets as demonstrated by the experiments on
the combinational benchmark circuits. These structures can
be used to derive other test pattern generators such as
LFSR/XORs and multiple LFSR/SRs. The flexibility of
manipulating residues with a XOR network that is absent in
single LFSR/SRs but present in LFSR/XORs makes con-
volved LFSR/SRs powerful test pattern generators.

We have also studied theoretical upper bounds on
pseudoexhaustive test lengths [13] employing the knowl-
edge of the circuit output cone structures. Our theoretical
work justifies the experimental observation (refer to Table 1)
that, in general, the upper bound on the degree of the LFSR
is very close to the maximum cone size for the partitioned
benchmark circuits.
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