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Abstract—Pseudoexhaustive testing involves applying all pos-

sible input patterns to the individual output cones of a combina- Lrsh

tional circuit. Based on our new algebraic results, we have de- .

rived both generic (cone-independent) and circuit-specific (cone- XOR LFSR SR
dependent) bounds on the minimal length of a test required so vt te v
that each cone in a circuit is exhaustively tested. For any circuit

with five or fewer outputs, and where each output hag: or fewer
inputs, we show that the circuit can always be pseudoexhaustively (n,m,K) circult (n,m k) clrcult
tested with just 2" patterns. We derive a tight upper bound on
pseudoexhaustive test length for a given circuit by utilizing the
knowledge of the structure of the circuit output cones. Since our (a) (b)
circuit-specific bound is sensitive to the ordering of the circuit Fig. 1. TPG structures (a) LFSR/XOR and (b) LFSR/SR
inputs, we show how the bound can be improved by permuting T '
these inputs.

Index Terms—LFSR, pseudoexhaustive testing, test length SiZ& Of them output cones. The circuit is characterized
bound. as an(n,m,k) circuit. Pseudoexhaustive testing involves

applying exhaustive tests to the output cones. Generation
of an optimal (minimum) pseudoexhaustive test set for an
(n,m, k) circuit is a hard problem. The pseudoexhaustive
XHAUSTIVE testing of a combinational circuit involvestest length is bounded below and above Py and 27,
exercising the circuit with all possible input patternstespectively. Estimation of realistic tight upper bound on the
Exhaustive testing provides comprehensive fault coverage fryeudoexhaustive test length is a very useful measure during
ensuring detection of all detectable combinational faults the evaluation of test strategies for a circuit.
the circuit, where acombinational faultis a fault that does We have derived provable upper bounds on pseudoex-
not manifest in any sequential behavior and is testable witthaustive test lengths. The bounds can be classified into two
single input pattern. The test time associated with exhaustiwategories, viz.generic boundsand circuit-specific bounds
testing increases exponentially with the number of inputs to tkieneric bounds are independent of circuit output cone struc-
circuit. For circuits with a large number of inputs, exhaustiveure. Circuit-specific bounds utilize the structural informa-
testing is very time consuming and may not be practical. tion about the cones. Circuit-specific bounds are tighter than
Pseudoexhaustive testing of a combinational circuit involveggneric bounds.
exercising the individual output cones of the circuit with all Autonomous linear feedback shift registers (LFSR's) [2] are
possible input patterns [1]. Anutput coneconsists of all logic widely used to generate pseudoexhaustive test sets. LFSR’s
that feeds an output. Pseudoexhaustive testing provides ané characterized by their feedback connections represented
coverage of all detectable combinational faults within the indas polynomials For a nonzero initial state, theeriod of an
vidual output cones, and all detectable multiple stuck-at fault&SR is the number of states generated prior to repeating the
in the circuit. The test time associated with pseudoexhaustiwgtial state. An LFSR withn stages is said to be ohaximal
testing is typically much lower than that for exhaustive testinggength if it has a period of2™ — 1 states. Maximal length
Consider a combinational circuit witl inputs andm LFSR’s haveprimitive feedback polynomials, and are utilized
outputs. An output cone is said tdependon an input if by most pseudoexhaustive test pattern generators. Maximal
there exists at least one path from that input to the outplgngth LFSR’s can be modified to generate the all-zero state.
The number of inputs on which an output cone depends Rseudoexhaustive test pattern generators (TPG’s) that generate
referred to as thesize of the cone. Letk be the maximum minimal length tests and/or utilize minimal hardware can
be designed by utilizing knowledge about the circuit output
Manuscript received April 12, 1996; revised September 30, 1997. This woglone structures. Examples of circuit-specific TPG’s include
was supported by the Advanced Research Projects Agency and monitoreq ISSR/XOR’s [3] and [4], LFSR/SR’s [5] and [6], and other
the Federal Bureau of Investigation under Contract JFBI90092. . .
R. Srinivasan is with the Engineering Research Center of Lucent Technoﬁ)t—ruCtureS proposed n [7]_[10]' An LFSR/XOR structure is
gies Bell Laboratories, Princeton, NJ 08542 USA. composed of a maximal length LFSR and an XOR network.
S. K. Gupta and M. A. Breuer are with the Department of Electricghpn | FSR/SR structure is composed of a maximal length LFSR
gggégesr'srﬁ_sysmms’ University of Southern California, Los Angeles. CAng a shift register (SR). These circuit-specific TPG structures
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A test signals the unique sequence of binary values applied Example 1: Consider the sef = {0,1,z,1 + z,2%,1 +
at a circuit input. A maximal length LFSR based on a primitive?, z+x2, 1+x+x2}. The setS is closed under modulo-2 ad-
polynomial of degreé: generates: linearly independent test dition and hence forms a vector space. Thelet {1, s, 2%}
signals from itsk stages. An output cone of siZecan be consists of linearly independent elements aid3;) = S.
exhaustively tested witlt linearly independent test signals.Thus B; forms a basis ofS and the dimension of equals
However, it may not be possible to concurrently test all thes;| = 3. The setB, = {1,1 + x,1 + 2%} forms another
m output cones of ar{n,m, k) circuit with k test signals basis of S.
because of conflicting input requirements among the cones.Definition 2 (Operations Between Vector Spaces):

Thus the number of independent test signals required for, The girect sumof two spacesS; and S, denoted as
pseudoexhaustive testing of &n,m, k) circuit is bounded S; @ S, equals{s, + sz | s1 € S1, s2 € S}

below and above by and~, respectively. « Theset uniorof two spacess; and.S,, denoted as;USs,
We have derived new algebraic results on vector spaces equals{s | s € S or s € Sol.

that are used in our bound computation. An upper bound on, e set intersectiorof two spacesS; andS,, denoted as
test length is computed as the number of independent test S1 N Ss, equalsis | s € Sy ands € S}

signals that are sufficient for pseudoexhaustive testing of aExam le 2: For vector space = {0.1,2.1 + 2 22, 1+
given circuit. We have shown that any circuit with five or Ies%2 v+ 22 1 '+ v+ 22} cponside_r tvx;ojdivstinct 7sut7:)spaces
outputs, with each output being driven layor less inputs, g " 0 1’ 1 dé‘ 0L a2 142 tained |

can always be pseudoexhaustively tested withgligtatterns. 5t = 10: 1., 142} andSy = {0, 1,27 142"} contained in
Previously this conclusion was known to be true for all circuitf' The direct gum Opfrat'og betWeéE‘ and 5y, 51 & 5 -
having two or less outputs. Additionally, we have derived® !»%:1+%,2% 147, a+a% 1+a+2"} = 5. The setunion
tight upper bounds on pseudoexhaustive test lengths generz?@%rat'o'; betweerSl' and 5 is 5, U 5 = {0, Lz, 1+,

by circuit-specific TPG structures such as LFSR/XOR’s an 1+_$ } # 5 and is not a vector space. The set intersection
LFSR/SR's. These bounds are sensitive to the ordering of fAReration betweers, and Sz, 5, N S; = {0,1}, forms a
circuit inputs. We have also developed an efficient method $§°SPace. _ L

permute the circuit inputs to obtain the best improvement onConventional algebraic theory deals with direct sum op-
the cone-dependent bounds. The quality of these bounds &f&lion between vector subspaces. In contrast, our bound

demonstrated by comparing them to existing bounds [3], [5ﬁ:_O_mputations are based on set union ar_1d intersecti(_)n oper-
The paper is organized as follows. Section Il deals witRONS between subspaces. We have derived algebraic results

algebraic results on vector spaces. The generic (corg@darding set union and intersection operations between sub-
independent) bounds are derived in Section Ill. Section [¢Paces that differ from classical results in linear algebra. The
deals with the circuit-specific (cone-dependent) bounds afflowing results characterize some properties of subspaces
their improvements by allowing for the permutation of input$ontained in a vector space that are used in the subsequent
The conclusions are presented in the last section. The mBAIROfs.

body of the paper contains only the sketches for the proofstemma 1: Consider ak-dimensional spacé and any two

of all lemmas and theorems and the appendix contains @igtinct subspaces$; and S, of dimensionsk; and %, con-
detailed proofs of selected lemmas and theorems. The detafleiied inS. The setS; NS5 is a subspace contained $hand

proofs of all lemmas and theorems can be found in [11]. consists of at leasf2*:+*~*] elements.
Corollary 1: Consider ak-dimensional space& and any

two distinct (k — 1)-dimensional subspace$ and S» con-
Il. ALGEBRAIC RESULTS tained inS. The setS; N S, is a(k — 2)-dimensional subspace
We first present the definitions used in the bound computeentained inS.
tions including the concept of a vector space under modulo-2Lemma 2: A k-dimensional space is composed of at least
addition operation (denoted as over the Galois field GF(2). (2 +1) distinct subspaces of dimensions less than or equal to
The modulo-2 addition operation satisfies the group propertigs— ¢), wherel < ¢ < (k — 1).
such as commutativity, associativity and existence of additive Proof Sketch: By considering the minimum overlaps be-
inverses. The Galois field GF(2) forms a field with respect tween the subspaces, the result can be derived based on
modulo-2 addition and modulo-2 multiplication operations antbunting arguments. O
satisfies all the standard axioms defined for a vector space. Example 3: Consider the three-dimensional (3-D) vector
Definition 1 (Vector Space): spaceS = {0,1,z,1 + z,2%, 1+ 2% 2+ 22,1 + x + 2%}
« A nonempty setS is a vector spaceover GF(2) if S is and all of its distinct two-dimensional (2-D) subspacgs=
closed under modulo-2 addition. {0,1,2,1 +x}, So = {0,1,2%, 1 + 27}, S3 = {0,z,2% = +
« Thelinear spanof a nonempty seB, denoted ad.(B), 2%}, Su = {0, 1,z + 2%, 1+ 2 + 2%}, S5 = {0,2,1 4 27,
is the set of all linear combinations (modulo-2 addition} + = + z?}, Se¢ = {0,2%,1 + z, 1 + = + 2%} and S7 =

of elements inB. {0,1 + z,1 + 22, = + 2?}. It can be easily verified that
» Any subsetB of spaceS is abasisof S if B consists of S;US; # .5 V¢, j andS is composed of at least three distinct
linearly independent elements aidB) = S. two-dimensional subspaces (e.§;,U S2 U Sy = S).

« The dimensionof a vector spaces spanned by a basis Lemma 3: Consider &-dimensional spacd and any three
B equals|B|. distinct(k—1)-dimensional subspacés, S, and.S; contained
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in S. LetS* = 51 NS,. The subspacé; satisfies the relation

SLUS>US3 =S if and onIy if 51 NSNS =.5" e O 68
Example 4: Consider the (3-D) spacé& and all of its e 02> (B1.0,.00)
distinct (2-D) subspaceS; throughS; as given in Example R Os 7" (B 05,0)
T8 Oy [ (6,84, 05)

3. LetS* =5, NS, = {0, 1}. It can be easily verified thay

is the only (2-D) subspace that contaifis and hence satisfies e

the relationS; U S U Sy = S. : Os [ (0.65.09
Lemma 1 gives a condition on the minimum overlap be-

tween any two subspaces contained ik-dimensional space. Fig- 2. An (6,6,3) example circuit.

Lemma 2 specifies the minimum number of distinct subspaces

of smaller dimensions contained in fadimensional space. residuewith respect toR if » is a linear combination of a

Lemma 3 states that the elements ok-@limensional space sybset of residues irk.

S are not entirely covered by the elements of any two distinct Theorem 1 [5]: An output cone will be exhaustively tested

(k — 1)-dimensional subspaces containedsinA unique third if and only if the inputs driving it are assigned proper residues.

subspace of dimension no less th{ar-1) is required to cover  For an(n, m, k) circuit we need to assign proper residues to

all the elements of5. In fact, Lemma 3 provides an OUtlinethe circuit inputs from &*-dimensional space, whekg > k,

for constructing the minimum number of distinct subspacegich that the residues assigned to the inputs driving any

specified by Lemma 2. output cone are linearly independent. The bound computa-
The algebraic results described above form the basic buitghn involves guaranteeing the availability of proper residues

ing blocks in proving our results on both generic and circuitelements) for all circuit inputs from the*-dimensional space.

specific bounds. Lemmas 1 and 2 are used in deriving bothDefinition 5: Output O; is said todominateoutput 0; if

generic and circuit-specific bounds while Lemma 3 is used #xch input that drive®); also drivesO;. OutputO; is said

9 O[> (6). 65.8,)

the derivation of generic bounds. to be adominatingoutput if it is not dominated by any other
output.
Lemma 4: It is sufficient to consider only the dominating
[ll. GENERIC BOUNDS outputs of the circuit for determining pseudoexhaustive test

For an(n,m, k) circuit, the computation of an upper boundengths.
on the pseudoexhaustive test length involves determining the Proof: Letan outputD; dominate another outpd; in a
smallest number of independent test signals (say k) that Circuit. Proper residue assignment to the set of inputs driving
are sufficient for pseudoexhaustive testing of the circuit. Wé: ensures exhaustive testing for both output cofesand
shall derive a few important cone-independent bounds on té4t Hence there is no need to consider residue assignments
lengths. separately fol0;. O

A set of 2¢" distinct test signals can be obtained as linear Definition 6: A circuit is said to bereducedif none of its
combinations ofc* independent test signals. The distinct tegtutputs is dominated by any other output.
signals are considered as distinesidues The.* independent  Any given circuit can be reduced by ignoring all of its
test signals can be considered as a basis /of-dimensional dominated outputs. In practice, these cone-independent bounds
space and the residues can be considered as elements ofGisbe applied to circuits whose cone information is available.
space. Thé* independent test signals can be generated usingl3 reduction of an(n,m, k) circuit gives an(n,m’, k)
k* degree LFSR and linear combinations of these test signkg§luced circuit, wheren’ < m. The application of the
can be obtained by an XOR network. Hence, if for a givef@llowing cone-independent bounds to the reducedr’, k)
(n,m, k) value a bound of* test signals is derived, thencircuit can provide tighter bounds on test length. Henceforth,
a TPG consisting o* stage LFSR and some XOR gatedve shall consider only reduced circuits.

[12] can generate pseudoexhaustive test set for(any:, k)  Example 5: Consider the(6,6,3) circuit shown in Fig. 2.
circuit. The inputs can be partitioned as followg = I; = {},

1= {95}, I3 = {91,92, 93,94}, I, = {96} andl; = {} The
circuit is a reduced circuit as none of its outputs is dominated
by any other output.

Consider an(n,m, k) circuit where then inputs are de-  While determining a sufficient number of test signals for
noted asé;, i = 1,2,---,n, and them outputs asO;, pseudoexhaustive testing of a circuit, we need to guarantee the
7 =12 .-, m. We first summarize some previously knowravailability of proper residues (generated by these test signals)
results that, along with the above algebraic results, form tbely to a subset of inputs. The remaining inputs are guaranteed
foundation for our bound computation. of proper residues as stated by Lemma 5. Thus only a subset

Definition 3: The inputs can beartitioned into m sets of inputs need to be considered for bound computation. In all
I, I>,---, I, such thatl; denotes the set of inputs that drivehe following results, it is assumed that all the inputdjrare
exactly < outputs of the circuit. assigned residues prior to any inputf/in(j < ¢) is considered.

Definition 4: A residuer is said to be groper residuewith Lemma 5: For an(n,m,k) circuit, let k* (> k) indepen-
respect to a set of residuésif » is linearly independent with dent test signals be sufficient to assign proper residues for all
respect to the residues i Residuer is said to be @rohibited inputs in Z; for all i > 2¥" ~**1 Then these test signals are

A. Basic Results
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TABLE |
— g, Oy [—* (61,6) BounDs ON TEST LENGTHS FOR(n, m, k) CIRCUIT
02— (81.63) Nurmber of Number of outputs
— 6, 03— (0,8, Test Skignals Akerls [3] Theo;em 4 Conjeg:Tture 1
— B, O4[—> (6199 k41 9 4 g
Os[— (62,8, I]z + g 4 8 17
& Og [ (65.0) s s 0 ?
k* 2k'—k 2k'—-k+1 2k‘—k+2 +1
Fig. 3. A (4,6,2) non-MTC circuit. (1 — proven by Theorem 3)

also sufficient to assign proper residues for all inputg;ifior
all j < 2k —k+L, . . 5
- - . #, throughf, can be assigned residuész, 1 and
Corollary 2: For an(n,m, k) circuit, letk independent test réspecti\?ely4 g Lt *
signals be sufficient to assign proper residues for all inputs in '
I, for all ¢ > 2. Then these test signals are also sufficient to
assign proper residues for all inputs ig and I;. C. Results or{n,m, k) Circuits

Lemma 5 and its corollary help in reducing the number of ¢ f5llowing section, containing Theorems 4 and 5 and
inputs that need to be considered while determining the UPR€Snjecture 1, summarizes our generic bounds(enn, k)

bound on pseudoexhaustive test length. , circuits. It should be noted that circuits with more than five
Definition 7 [1]: An (n,m, k) circuit is said to benaximal outputs can be MTC circuits.

test concurren{MTC), if it can be pseudoexhaustively tested thaorem 4: For any (n,m, k) circuit, let &* (> k) be the

with & independent test signals. _ _smallest number satisfying the following inequality
Any (n,m, k) circuit needs at leagt test signals due to its

maximum cone size. lfn < 3, then the circuit inputs can only N
be partitioned intal, and I;. Thus Corollary 2 directly leads m < 28 ~h (1)
to the following theorem (inferred from [1]).

Theorem 2 [1]: Any (n, m, k) circuitwithm < 3isaMTC  hen 1+ independent test signals are sufficient for pseudoex-

circuit. _ S o _ haustive testing of the circuit.
We consider assigning linear combinations of test signals  prjo¢ Since the circuit has at mogt’ —*+1 outputs, any

to inputs that are not considered in [1]. Our method can %ut can drive at mosz*” —*+L outputs. From Lemma 5 we
interpreted as a generalization of [1] and helps in reducig . that all inputs that drive at mogt —*+! outputs can

the total number of independent test signals required fgg assigned proper residues Myindependent test signalsl
pseudoexhaustive testing of a circuit. The above results willthaorem 5: For any (n,m, k) circuit, our bound on the

now be used to derive several new results including a stronggfmper of independent test signals for pseudoexhaustive test-
version of Theorem 2. ing given by Theorem 4 is tighter than the bound derived in

3].
B. Results on MTC Circuits = Proof: In [3], it is shown thatm < 2% —*. O
Lemma 6: For an (n,m,k) circuit with m < 6, let & Conjecture 1: For an(n,m, k) circuit, letk* (> k) be the
independent test signals be sufficient to assign proper residag®llest number satisfying the following inequality
for all inputs in 5 and /4. Then these test signals are also
sufficient to assign proper residues for all inputs/in
By justifying the elimination of the assumption made in
Lemma 6, a much stronger result can be obtained as given
by Theorem 3. Then k* independent test signals are sufficient for pseudoex-
Theorem 3: Any (n,m, k) circuit with m < 6 is a MTC haustive testing of the circuit.
circuit. Conjecture 1 is true for MTC circuits since affy,m, k)
Theorem 3 states that any five output circuit is a MTCircuit with m < 5 is an MTC circuit as per Theorem 3.
circuit. The result is independent of the number of inputs Table | shows three upper bounds on the number of outputs
and the maximum cone sizes of the circuits. Our result fer an (n,m, k) circuit that can be pseudoexhaustively tested
a significant improvement over the well known result that anyith the number of test signals given in the first column.
two output circuit is @ MTC circuit (refer to Theorem 2).  For example, anyn,m, k) circuit with at most four outputs
Example 6 illustrates a six output non-MTC circuit wherean be pseudoexhaustively tested with+ 2) test signals
every input drives exactly three outputs. The example illusccording to the bound derived in [3]. Theorem 4 states that
trates the strictness of both Lemma 6 and Theorem 3. (k+1) test signals are sufficient for pseudoexhaustive testing
Example 6: Consider the(4, 6,2) circuit driven by inputs of any (n,m, %) circuit with m < 4. Conjecture 1 states
{61, 62, 63,84} as shown in Fig. 3. Though each of the outputthat % test signals are sufficient for the same circuit. For a
depend exactly on two inputs, the circuit is not a MTC circuijiven number of test signals (s&y), we guarantee exhaustive

and needs three independent test signals [sayz?). Inputs

m <2k —h2 g (2)
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TABLE I
GENERIC AND CIRCUIT-SPECIFIC BOUuNDS FORISCAS BeNCHMARK CIRCUITS
ISCAS Original Reduced Generic Bounds Circuit Specific Bounds
Bmrk (n,m, k) (n,m', k) Akers | Thm | Cjt j| LFSR/XOR LFSR/SR
Ckt Ckt Ckt [3] 4 1 || DP | BP Brzl [5] [ DP | GP
c432 (56,27,20) (56,20,20) 25 24 23 || 20 20 31 28 | 26
c499 (49,40,14) (49,40,14) 20 19 18 || 16 14 25 23 | 22
c880 (70,36,17) (70,29,17) 22 21 20 18 17 28 26 | 25
c1355 (49,40,14) (49,40,14) 20 19 18 16 14 25 23 | 22
c1908 (47,39,20) (47,26,20) 25 24 23 4 20 20 31 27 | 26
c2670 | (262,169,20) { (262,117,20) 27 26 25 1 20 20 35 30 | 29
c3540 | (108,80,20) | (108,57,20) 26 25 24 || 21 20 33 31 | 30
cb315 | (215,160,20) | (215,91,20) 27 26 25 || 21 20 35 32 1 31
c6288 (99,98,20) (99,39,20) 26 25 24 |1 22 21 32 30 | 30
c7552 | (286,187,20) | (286,69,20) 27 26 25 || 20 20 35 32 | 30
s27 (7,2,6) (7,2,6) 7 6 6 6 6 7 7 6
5208 (19,10,18) (19,3,18) 19 19 |18t ) 18 18 19 19 | 18
298 (17,19,8) (17,10,8) 12 i {104 9 8 18 14 | 13
s344 (24,21,13) (24,9,13) 17 16 14 || 13 13 21 18 | 15
8349 (24,21,13) (24,9,13) 17 16 14 || 13 13 21 18 | 15
5382 (24,15,14) (24,10,14) 18 17 16 || 14 14 22 19 | 18
386 (13,6,12) (13,2,12) 13 12 12 12 12 13 13 | 12
5420 (35,18,34) (35,5,34) 35 35 | 34T | 34 34 35 35 | 34
s444 (24,15,14) (24,10,14) 18 17 16 || 14 14 22 18 | 14
8510 (26,5,20) (25,2,20) 21 20 20 || 20 20 25 24 | 20
$526 (24,24,14) (24,10,14) 18 17 16 || 14 14 22 18 | 14
s641 (50,35,28) (50,23,28) 33 32 31 || 28 28 39 33 | 31
s713 (50,35,28) (50,23,28) 33 32 31 | 28 28 39 33 | 31
s820 (23,15,21) (23,3,21) 23 22 |21t | 21 21 23 23 | 21
$832 (23,15,21) (23,3,21) 23 22 j21t{ 21 21 23 23 | 21
s838 (67,34,66) (67,9,66) 67 67 67 | 66 66 67 67 | 66
s953 {(22,20,18) (22,6,18) 21 20 19 || 18 18 22 22 | 18
(+ — proven by Theorem 3)
testing of twice the number of output cones (Theorem 4) aiid,, 72, - -, 7,). The default permutation is given by, = ¢

possibly four times the number of output cones (Conjectufer 6,7 = 1,2, -- -, n. We shall assume the default permutation

1) compared to the number of output cones guaranteed by #ienputs unless stated otherwise.

bound in [3]. The input dependencies for an output is represented by an
Table Il presents the generic (cone-independent) boundsditiered set of inputs. The inputs are arranged in the ordered

pseudoexhaustive test lengths for the partitioned versionssek in increasing order of their indexes. Consider outpyt

ISCAS combinational benchmark circuits [13] and unpartheing driven byk inputs 6;,,6;,, -+, 6;,. Let1 <4y < iy <

tioned versions of a few ISCAS sequential benchmark circuits. ~ ;. < 5. Under the default permutation of inputs, the

[14]. The combinational benchmark circuits are partitionegput dependencies fop; is represented by the ordered set
using our partitioning procedure [15] such that the outpyly. o ... 4. }. Let p; ; denote the position of; in the
2 Ve S T, k3

. . 11

cones are driven by 20 or less inputs. Columns 2 and 3 presgmlered dependency set 105 If §; drivesO;, thenl < p; ; <

the original (n,m, k) and reducedn, m’, k) characteristics | otherwisep; ; = 0. Let p* = max{pi1.pis - pi —}
! vy T ' [ QAN e, 1 e,2 y Mi,m

gf thzse circutts. ;’he rr]\ext tt_hreet c?llfmn?hpre§entt the gefn &hote the maximum position in whigh occurs among the
ounds on pseudoexhaustive test iengihs (in er,ms o Mhut dependencies for ath outputs. Letf; ; be a boolean
number of independent test signals) based on Akers’ results [3]. : :
iable such thatf;; = 1if p;; > 0 and fi; = 0

and our results given by Theorem 4 and Conjecture 1. FroIanm _ 0. Let f* = E;n:l £, denote the number of

Table Il, it is evident that our bounds are tighter.
occurrences (frequency) of; among all = outputs. The
notation is illustrated in the following example.
Example 7: Consider the (6,6,3) circuit shown in Fig. 2.

For an overwhelming majority of circuits, we can utilizg et ys assume the default permutation whéyés assigned
the information about cone dependencies to derive a boypdey r; = 4. The input dependencies for the six outputs are
on the number of independent test signals required for pseu-

doexhaustive testing. Circuit-specific bounds are tighter than
the generic bounds derived earlier. We shall derive bounds for
both LFSR/XOR and LFSR/SR structures and show that our
bounds are better than those derived in [3] and [5].

Consider an(n,m, k) circuit along with the notation that Input 6> appears in second position fér and first positions
input #; is assigned a unique index, wherel < r; <n. A for O3 and O4. Thus, for 6, we havep,; values(j =
permutation of inputs is specified completely by theuple 1,2,---,6) of 2,0,1,1,0 and0, respectively, and ; values

IV. CIRCUIT-SPECIFIC BOUNDS

01 . 91 92 93
04 o 92 94 95

02 . 91 93 94
05 o 91 95 96

03 e 92 93 95
OG o 94 95 96-
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(G =1,2,---,6) of 1,0,1,1,0 and 0, respectively. Hence, 5) For each unassignet] do
p; = 2andf; = 3. a) If fr <28 ~F*lthen{r; « n*; n* — n* -1}
6) While n* is decremented do

A. LFSR/XOR’s a) For each unassigned do

We shall derive tight upper bounds for the test sets generated i m o— nt.
by LFSR/XOR structures for a givefn,m, k) circuit. The .. e .
ci);cuit cones are described in tergms g;jthe’ p)arameters defined li. Check the satisfiability of Inequality (3) fof;.
above. Since these bounds are derived based on the ordering iii. If the Inequality is satisfied them™ — n* — 1;
of the circuit inputs, we shall determine the best permutation elsem; — 0.
of inputs to achieve the best improvement of these bounds. 7) If »* > 0 then

1) Bounds Based on Default Permutation: a) If k* = n, go to Step 8).

Theore_m Q:For an (n,m, k) F:ircuit, Ie_t pi,j, i and _fi_yj b) &* — k* +1; Go to Step 4).
be the circuit parameters (defined earlier) characterizing the8) Output the number of test signals®).

cone dependencies. L&t be the smallest integer satisfying ) ) o
the following inequality for all input®;, 1 < i < n The algorithmXORBounddetermines a minimal number of

independent test signals that are sufficient for pseudoexhaus-
™ tive testing of a given circuit. Lemma 4 enables us to consider
2p; —2—k . Jopii—1 _ i tpi;—2—k ke o L
[27 | +wa{2p [20 e 1r<2t. only dominating outputs for determining the bound on test
J=1 length. Lemma 5 states that a setidftest signals guarantees
(3)  proper residues for each input that drives at mgf§t*+1
outputs and hence all these inputs are assigned highest possible
Cidexes. From the remaining set of unassigned inputs, an input
é%dayei) is assigned the current highest index ) provided it
8

Then k™ independent test signals are sufficient for pseudo
haustive testing of the circuit.

Theorem 7: The cone dependent bound on the number
independent test signals given by Theorem 6 is tighter th
the cone independent bound given by Theorem 4.

Proof: It is enough to show that the cone independe
bound can be derived by assuming the worst case in
derivation of cone dependent bound. For an infutwith
pi; = k for all m outputs, we have; = &k and Inequality
(3) simplifies to

tisfies Inequality (3). The; ; values foré; are determined
Hsed on the fact that the remaining unassigned inputs can
have indexes only less thaw. The unassigned inputs are
L eatedly considered for assignment until there is no decrease
he value ofn*. Any further existence of unassigned inputs
mandates an increment to the number of test signals and an
iteration of the entire algorithm.
The complexity of the algorithm can be computed as fol-
[22k- 27K 4y x (2h L — [92k-2-K"]) < ok lows. E_very iteration of theNhiIe loop results in assi_gning
b1 —— o re1 proper indexes to one or more inputs. The number of iterations
= (m—1)2"" — 2 <2t -2 of thewhile loop is bounded above by(n +1)/2 since every
= m < 28 TR O iteration can result in assigning a proper index to only one
input. The satisfiability check for inp# involves determining
2) Improvement on Bounds by PermutatioBiven an y, . values for allm outputs. Thus the complexity of the
(n,m, k) circuit, the bound on the number of independerghile loop is given by O(mn?2). The number of iterations
test signals given by Theorem 6 can be improved by allowirg the entire algorithm is bounded above by— k). Thus the
the permutation of inputs. We shall describe a permutatigemplexity of the algorithm is given b (mn?).
algorithm that assigns unique indexes to circuit inputs resultingin general, considering all permutations of inputs and using
in low (high) p;; values for inputs driving many (few) Theorem 6 for determining the tightest possible bound has
outputs. The algorithm modifies the circuit parameters (thakponential complexity. The following theorem states that our
characterizes the cone dependencies) and allows Inequalig¢mutation algorithm of polynomial complexity is sufficient

(3) to be satisfied for a smaller value bf. to find the tightest possible bound using Theorem 6.
Algorithm XORBound: Theorem 8: Algorithm XORBoundis of polynomial com-
Input: Output cone dependencies (of, m, k) circuit. plexity and determines the tightest possible bound on the
Output: Upper bound on the number of independent tefumber of test signals that can be achieved using Theorem 6.

signalsk™ (= k). Proof Sketch: It will suffice to show that algorithnXOR-

1) Determine all dominating outputs and consider only th®ound results in a minimum subset of inputs that are not
reduced circuit. assigned indexes after the completion of tigle loop. This

2) k* — k. [* k* is the number of independent test signalsan be proven by contradiction on the minimality of the set of
* unassigned inputs. O

3) Determinef; for inputé,; Vi =1,2,---,n. /* determine Example 8: Consider the (6,6,3) circuit described in Ex-
the input frequencies */ ample 5. Akers’ bound requiresix test signals. Our bound

A 7, —0Ve=1,2,---,n;n" «— n. using Inequality (3) without allowing a permutation of inputs

/* initialize the indexes of inputs and* is the current requires four signals. Applying the algorithKORBoundre-
highest index */ duces our bound to three test signals. The circuit can be tested
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with three independent test signals. Resid{ies:, #2, 1+, This is similar to the improvement on the bound achieved
1+ x2,z} are assigned to inputs 1-6, respectively. for LFSR/XOR's.

3) Experimental ResultsTable Il presents the circuit- Algorithm SRBound:
specific (cone-dependent) bounds on test lengths forlnput: Output cone dependencies @f, m, k) circuit.
LFSR/XOR'’s for the ISCAS benchmark circuits [13], [14]. Output: Upper bound on the degrée (> k) of applicable
Columns 7 and 8 present the bounds on test lengths (in tenomnitive polynomial.
of the number of independent test signals) by considering the1) Determine all dominating outputs and consider only the
reduced circuits. The cone-dependent bounds with the default reduced circuit.
permutation (column DP) of inputs are determined using 2) f* — k.
Theorem 6. The algorithiKORBoundachieves tighter bounds I* k* is the degree of the primitive polynomial */

on pseudoexhaustive test Iengths by determining one of th%) Assign indexes to inputs according to the input permu-
best permutation (column BP) of inputs. The improvement of  tation determined by the algorithiORBound

the bounds by allowing permutation of inputs is evident from 4) \While Inequality (4) is not satisfied do

the table. The circuit-specific bounds determined by allowing a) If &* = n, go to Step 5).

for the permutation of inputs are optimal for all these circuits b) k" — k* + 1.

except for circuit c6288. 5) Output the degree of the applicable primitive polynomial

, (k*).
B. LFSR/SR's For a given circuit, the algorithnfSRBoundusually deter-

An (n,m, k) circuit can be pseudoexhaustively tested by @ines an applicable primitive polynomial of smaller degree
simple LFSR/SR if there exists a primitive feedback polyn@han the default permutation. Only dominating outputs are
mial of degreek*(= k) such that the residues assigned to theynsidered as per Lemma 4. The input permutation determined
inputs driving each output are linearly independent as statggl the algorithmXORBoundis used to minimize the LHS
by Theorem 1. expression of Inequality (4). The satisfiability check involves

Definition 8: The primitive feedback polynomial of ancomputingp, ; values for all inputs driving each output. Since
LFSR/SR considered for a given circuit is said to bghe jnput permutation determined by the algoritXt@RBound
inapplicable if the polynomial results in a set of linearlyjs ysed again in the algorith®RBoungdthe complexity of the
dependent residues for the set of inputs driving some outRis§orithm SRBounds the same as that of the complexity of
of the circuit. the algorithmXORBound However, the algorithnSRBound

Theorem 9 [16]: The total number of primitive polynomi- for | FSR/SR’s does not guarantee the tightest possible bound
als of degred:” is given by® (2" —1)/k*, where® is Euler's njike the algorithmxORBoundior LFSR/XOR'’s.
phi function. Example 9: Consider again the (6,6,3) circuit described in

1) Bounds Based on Default PermutatioAssume the de- Example 5. For LFSR/SR's, Barzilai's bound determined by
fault permutation of inputs where input; is fed by the |nequality (5) (see the Appendix) requires eight test signals.
ith stage of an LFSR/SR. Inpu; is assigned the residueThe hound computed using Inequality (4) without allowing
z" mod P(z), where P(z) is the primitive feedback polyno- permutation of inputs requires a primitive polynomial of
mial of the LFSR/SR. degree five. The algorithnrSRBoundstill requires a degree

Theorem 10:For an(n,m, k) circuit, let p; ; and f; ; be  five polynomial. However, the circuit can be tested with an
the circuit parameters (defined earlier) characterizing the conesr/sr using the polynomial* + z + 1.
dependencies. Let" be the smallest integer satisfying the 3y Experimental ResultsTable Il also presents the circuit-
following inequality: specific bounds on test lengths for LFSR/SR’s for the ISCAS

m n ) ) benchmark circuits [13], [14]. The last three columns present

Z Z ix fi (2P0 2 1) < @(2¥ — 1)~ 2% — 1. (4) the bounds on test lengths (in terms of number of independent

j=1i=k" test signals) by considering only the reduced circuits. Barzilai's
. - bounds (column Brzl) are determined using Inequality (5) and
Then a simple LFSR/SR based on a degkée primitive our bounds with default permutation (column DP) of inputs

Eicr)gjrifmlal is sufficient for pseudoexhaustive testing of thaere determined using Inequality (4). The algoritSRBound

Theorem 11:For any (n,m, k) circuit, our bound on the results in tighter bounds by using the same good permutation

) L of inputs (column GP) that were originally determined for
degree of .LFSR/SR given by Theorem 10 is tighter than thL(i\:SR/XOR’s. The improvement of the bounds by allowing
bound derived in [5].

2) Improvement on Bounds by PermutatioBiven an permutation of inputs is evident from the table. It should be

(n,m, k) circuit, the bound on the degree of the applicablréOted that our LFSR/SR bounds represent test lengths that

primitive polynomial for an LFSR/SR given by Theore are r?\if.(,awbordedrs of magnitude smaller than those given by
10 can be improved by permuting the inputs. We sha arziiars bounds.
attempt to minimize the total number of inapplicable primitive

polynomials given by the LHS expression in Inequality (4).

Thus, an improvement on the bound can be obtained for theln this paper we have first derived a few important algebraic
degree of the applicable primitive polynomial for LFSR/SRresults on the set union and intersection operations between

V. CONCLUSION
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vector subspaces. We have determined 1) the minimum overlap
between distinct subspaces and 2) the minimum number of
distinct subspaces contained in a vector space. These alge-
braic results are used in the derivation of the bounds on

pseudoexhaustive test lengths.

We have determined a few generic bounds on test lengths
that are independent of the structural information about the
circuit output cones. We have shown that any circuit with
less than six outputs is maximal test concurrent. We have
derived an expression for the number of independent test
signals that are sufficient for pseudoexhaustive testing of any
given(n,m, k) circuit. The expression is based on the number
of outputs(m) and the maximum cone siZ&) of the circuit.

We have also derived a few circuit-specific bounds utilizing
the structural information about the circuit output cones. We
have derived tight upper bounds on the test sets generated by
LFSR/XOR'’s and LFSR/SR’s and shown that our bounds are
better than those derived in [3] and [5]. We have developgldg 4. A vector space and its subspaces and cosets
algorithms of polynomial complexity to permute circuit inputs =~ '
to obtain good improvements on these bounds. Our bounds o
provide good estimates of pseudoexhaustive test lengths Ship are shown in Fig. 4. Thus, we have
can be used as guiding factors in designing circuit-specific S =5"U{a+s|Vse S }=5"un
TPG’s. The computed theoretical bounds for the partitioned Sy =S"Ulb+s|¥seS) =S5 Ul
benchmark circuits are close to the pseudoexhaustive test .
lengths generated by circuit-specific TPG’s as reported in [12]. S51US=5"UN U
Let 73 = {a+b+ s | Vs € S*}. Sincea,b € S*, we
know thata & S., b ¢ S; anda + b ¢ S; U S,. Therefore

APPENDIX T3NS = T3NSy, = P. We know that7; C S and

PROOFS OFSELECTED LEMMAS/THEOREMS T3] = |S*| = 92 The setsS*, 71, T andT3 are disjoint to

Proof of Lemma 1:Let Sz = S; N S». Consider any two each other and the sgt" U7} U T, U T3 contains2® elements
elementsa and b such thata,b € S3. SinceS; € S; and and henceS* UT; UT, U T3 = S. The elements of5 are
S3 C S2, we havea,b € S; anda,b € S5. SinceS; and.S, partitioned into four equal sized subseis, 77, 17> and 73

are subspaces, we have tat+ b) € S; and(a 4+ b) € Ss  (the subsets are called cosets in algebra terminology [17]) as

implies (a + b) € S3. Thus,Ss forms a subspace contained irshown in Fig. 4. The sef; (¢ = 1,2,3) does not form a
S. Let z be the dimension of subspadg. subspace and* C L(T;). If a subspace (say,) containsS*

Let S1, So and S3 be spanned by the basés, B>, and and an element fronT;, thenl; C S,. The subsets$™, 77,

B3, respectively. SinceS; < S; and S3 C S, we can 7, and73 are unique to any given two subspacgsand Ss.

chooseB; and B, such thatBs C B; and Bs C B,. Since (If):: Assume thatS; N .S; N S3 = S*. The setS3 N7y =0

|B1| = k1, |B2| = k2 and|Bs| = =, we have|B; U By| = since if S3 N1y # 0, thenT; C S3 and S3 = S;. Similarly
|Bl| + |B2| - |Bl ﬂBQ| = |Bl| + |B2| - |Bg| =k +ky—2z. the setSsNT, = (@ since if Ss N1, 7é @, thenT, C S,

Let S4 be the(k; + k2 — z)-dimensional subspace spanned bgnd S3 = S;. Hence,S3 N T3 # B. Since S* C S3 and
the basisB; U B». SinceS, C S, we havek; + ky — z <k 13N S3 # (), we havels C S3 andS; = S* UT53. Therefore
implying > k; + k2 — k. Hence,S; N S, is a subspace of S; US; U S3 = S*UTi UT,UT; = S.

dimension at leagtk; +k%>—k&). Although the term{k; +k.—k) (Only If): Assume thatS; U So U S3 = S. This implies
could be negative$; NS, always contains the additive identityZs C S3. SinceS; is a subspaces™ C L(13) € S3. Therefore

element (zero). Hence§; N S; is a subspace contained Sy N S, N S3 = S*. O
and has at leagt2*'+#2~*] elements. O Proof of Lemma 5:
Proof of Lemma 3:Since S; and Sy are distinct(k — Let S be the k*-dimensional space generated by in-

1)-dimensional subspaces containeddnS* is a (k — 2)- dependent test signals. Assume that all inputd;irfor all
dimensional subspace as per Corollary 1. Consider an element 2* —*+1 have been assigned proper residues frm

a such thatw € S; anda ¢ S*. LetTy ={a+s|Vs e S*}. Let input @ € I _«y1 drive outputO;. Assume thatk;

Then we havel; C S; and [T1| = |S*| = 2¥=2. The set inputs (wherek; < (k — 1)) driving O; have been assigned
S* N1y = 0 sincea ¢ S*. The setS* U Ty contains2*~% proper residues and the residue assignmentéfas under
elements and hencg* U1} = S;. Consider another elementconsideration. The residues assigned:fanputs span &;-

b such thath € S; andb ¢ S*. LetT> = {b+ s | Vs € S*}. dimensional subspace and none of the elements from this
Then we havel, C S, and [T = |S*| = 2¥=2. The set subspace can be assigned as a proper residug forother
S*NTy, = 0 sinceb ¢ S*. The setS* U T, contains2*~!  words, all the elements in this subspace are prohibited residues
elements and hencg* U7, = S,. The Venn diagram of thesefor 6. Sincef drives exactly2* —*+1 outputs, there are at most
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2k"—k+1 distinct subspaces of dimensions less than or equabpectively. Thek — 1)-dimensional subspace®, S», and

to (k — 1) whose elements are prohibited residueséor S3 are spanned by the selt, R;, and R3, respectively. Let
Lemma 2 states that is composed of at Iea$2"‘*—"‘+1+1) S* = 51N SN S3. SinceT = S by our assumptionS™ is a

distinct subspaces of dimensions less than or equdt tol). (& — 2)-dimensional subspace as per Lemma 3. Sifice S,

Thus, the total number of prohibited residuesfas less than there exists residues;, o and r3 unique to R;, R,, and

2%" . Hencef can be assigned a proper residue frénSince Rs, respectively, such that; g S U S3, 12 € S1 US3 and

@ is arbitrary, all inputs in/;.-—»11 can be assigned properrs ¢ S; U S3. Following similar arguments used in the proof

residues froms. sketch of Lemma 3, we can show that
Similarly, it can be shown that the total number of prohibited . .
residues is less thag* for any input in I; for all j < S1=8"U{rn+s|Vse S}
2% —k+1 Hence, all inputs in; for all j < 2¢ —*+1 can Sy =S*U{r,+s|Vse S*}
be assigned proper residues by test signals. O S3=S*U{rs+s|Vse S

Proof of Lemma 6:Let S be the k-dimensional space

spanned by thé: independent test signals. Assume that allet 7, = {r; +s | Vs € S*}, To = {r. + 5 | Vs € S*} and
inputs inI; and I, have been assigned proper residues from, — {3+ 5| Vs € 5*}. SinceT = S, Lemma 3 implies that
5. We shall show that all inputs iff; can also be assignedthe set{r, + + s | Vs € S*} must be equal td3. In other
proper residues fron$ for any (n,5,k) circuit. The lemma words, s must be equal t@r; + r» + s*) wheres* € S*.
follows for any (n,m, k) circuit with m < 6. Let inputs#,, ¢, and#} drive outputsOy, O, andOs (as

Let the five circuit outputs be denoted @5,02,03,04, shown above) and be assigned the residues, and s,
and Oj, respectively. Let us sequentially assign propgespectively. Since the residues, r», andr3; are unique to
residues to inputs in/3 and assume that input € Is R, R,, andRs, the inputs#;, 65, and} are also unique to
is under consideration for residue assignment. fedrive O, O,, and Os, respectively. Input®;, 65, and 65 cannot
outputs O1, Oz, and O3. Each of these three outputs carbelong tol, or I; and hence must belong f@. This implies
have at mostk — 1) inputs that are already assigned propehe last two output), and Oz must be driven by all three
residues. Let:;, k2 and k3 inputs driving Oy, Oz, and Os, inputs ¢/, 6%, and6; as shown above.
respectively, be already assigned proper residues. Withoutwe shall show that the residug = (r; + s*) instead of
loss of generality, assumie, < k2 < k3 < (k—1). LetS; 3 = (r; + r, + s*) is still a proper residue for inpu.
(i = 1,2,3) be the subspace spanned by the residues assigngsiit ¢, drives Os, O4, and Os. Let us considerOs; and
to k; inputs driving O;. The subspaces,, S, and S3 are show that+} can also be assigned as a proper residue for
of dimensionsk; , k2, and ks, respectively. The elements ing; instead ofrs. Sincer; ¢ Ss, we infer thatr ¢ Ss. Since
51U 52 U S3 are prohibited residues faék. As per Lemma 1, L(R;—{r3}) c Ss, we know that ¢ L(Rs—{r3}). Hence,
we have|S; N S3| > 2M+* =% and |Sy N S3| > 27 F*s=* 11 is |inearly independent with the residues (s — {r3})
Hence, the total number of prohibited residues fbris and+; instead ofrs can be assigned as a proper residue for
|S1USaU S3| < 2k -2ke 4 9hs _ghaths =k _gheths=h <9k g/ a5 far asO; is concerned. Next, let us considex,. Let
The equality is satisfied only fok; = k2 = ks = (K —1). R, be the set of linearly independent residues assigned to
That means any inpué in I3 can be assigned a propethe inputs drivingO,. Since the input®;, 65, and 6, appear
residue fromsS, provided the values oy, k2, andks are not together inO,, {r1,72,73} C Ry. Sincers & L(Ry — {rs}),
simultaneously equal t¢k — 1). Since the circuit has only », ¢ L(R, — {r3}) and #4; = (r3 + r2), we infer that
five outputs, there can be at most only one inpuffdrwith 4 & I(R,—{r3}). Therefores} instead ofi; can be assigned
ki = ko = ks = (k —1). Let 6* be the unique input ins  as a proper residue f&, as far asD, is concerned. Similarly,
satisfying the conditiork, = k; = k3 = (k — 1). Therefore, it can be shown that} instead ofrs can be assigned as a
all the inputs in/; exceptd™ can be assigned proper residuegroper residue fo; as far asO; is concerned. Thus we
from S. Input " appears ir0;, Oz, andO3 as shown below reassign instead ofr; as a proper residue fat;.
Let R = Ry — {rs} + {4} and S, = L(RY%). By the

.. / *
Ors 9,1 9* reassignment procesBj; instead of B3 becomes the set of
SCERA 27T 0 (k—1) residues assigned to the remain{tg-1) inputs driving
Ogziveeees ZEEEEEE o Os. Sincers & L(R3) = Ss, we know thatrs & L(Rs—{r3}).
Oy v 9’1 9; Qé . Sincer, ¢ L(Rg—{Tg}), T3 ¢ L(Rg—{Tg}) andrg = 1r9+473,
Os -0, 66, we infer thatry & L(R%) = S5 andrs ¢ L(R%) = S%. Since

r3 € S1USs, we inferrg ¢ S; US> US% and thereford™ can
LetT = S US> U Ss. Input 8* can be assigned a propelbe assigneds as a proper residue. Thus all inputs /i can
residue as long a8 ¢ S. Let T = S under a residue be assigned proper residues frgm O
assignment for inputs ifs—{6*} so that9* cannot be assigned Proof of Theorem 3:Consider anyn, m, k) circuit with
a proper residue fromt. We shall show that there existsm < 6. Since the maximum cone size of the circuitkisit
another residue assignment for inputs/in— {#*} such that requires at least independent test signals for pseudoexhaus-
T C S andf* can also be assigned a proper residue fitm tive testing. LetS be thek-dimensional space spanned by the
Let R, Ry and R be the sets ofk — 1) residues assignedbasis B = {1,z,z2,---,z*~1} (representing: independent
to the remaining(k — 1) inputs driving O;, O,, and O3z, test signals). We only need to show that all inputs/jnand
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I, can be assigned proper residues fréminputs inI; are puts can be assigned proper residues fromkthdimensional
guaranteed of proper residues frdfras per Lemma 6. Inputs space (sayS). Inputs 6; through6,, are considered in suc-
in I, andI; are guaranteed of proper residues frénas per cession for residue assignment. Let us assume that ifiputs
Corollary 2. through#;_; have been successfully assigned proper residues
Casem = 4: Let|ly| = k4. Since each output is driven byand inputé; is under consideration. We shall explore the
all inputs in4 and the maximum cone size for the circuitis feasibility of assigning a proper residue f@ from S.
k4 < k. Hence all inputs infy can be assigned proper residues Consider an outputD;. in which 6; appears at position
by selectingky elements{1,z,z?,---,z*~'} of B. Hence, p* among the input dependencies. For this outfugppears
the circuit is a MTC circuit. along with (p; — 1) inputs that have been already assigned
Casem = 5: Let |I5| = ks and |I4| = ks Since each proper residues. Thesg; — 1) residues span &} — 1)-
output is driven by all inputs in’; and the maximum cone dimensional subspace (s#-) and all the elements in this
size for the circuit isk, k5 < k. Inputs inl; can be assigned subspace are prohibited residues fjr Consider another
proper residues by selectig elements(1, z,2%,---,2*~*}  output O; with p;; > 0 and hencef;; = 1. For O;, 6,
of B. We shall consider inputs ify and assign proper residuesappears along witlp; ; — 1) inputs that have been already
from the subspace spanned by the remairing k;) elements assigned proper residues. These residues sp@n ja— 1)-
{aks, gt 2k 1) of B dimensional space (say;) and all the elements in this space
Let the five circuits outputs be denoted@s, Oz, O3, Os,  are prohibited residues f@. From Lemma 1, we know that
andO;, respectively. Partition the inputs iy into five subsets sypspaces;. andS; have at leasf2#: +7:-s=2=*"] common
Iy1 12, 1s5 such thatly; = {inputs that do not drive glements. Hence, the number of prohibited residue$;fdue
Oi} (1 = 1,2,---,5). Let [[y,[ = ks (¢ = 1,2,---,5). 10 0;. and O, is given by
Without loss of generality, assume thaf; is the smallest
subset among the five subsets. Select one inputd9ayom

eachl,; and form the input sef = {#}, 6}, 6, 6, and |55+ U S;l =185 +18i] = 18- 0 55 )
6. }. Note that only four inputs frond appear together in any < 2P Tt poopig=l _ [op it m2k0
output as shown below
Op ot e 0L 6 65 Q- ----- Considering all outputs driven by;, the total number of
Oy it vvvnen 6, 6,050, .. prohibited residues fo#é; is given by
Og 2 oenn 0,0, 0,6
Oy i vvenee 0,6, 0,0, ... O <
. / / / / J
O5 11 vvvens 0, 65656, .. i o

The inputs inI completely occupy four columns in the cone
dependencies. Consider a four-dimensional (4-D) subspace < |5

+ > LIS =18 n S,

spanned by the four elemenftg*s, z*s+1, zks+2 andzhs+3} F=lii#s

of B. We shall assign the five residug¢s*s, z*>+1, ghs+2 m
P ! ! 7; —1 . fopii—1 _ [op;+pi;—2—k

ghst3, ghs 4 phstl 4 ghst2 4 4ks43) to the five inputs in =2 ' Z ' fiil2 2 1}

1. Since only any four inputs frond appear together in any J=Ls

output, this assignment ensures proper residues to all inputs in I — 9L - -1 fdpi—2—k*
I. This process is repeated until all inputs are selected from = [z 1+ Zfi:j{?’ — [2m7m 13-
Iy 5. Thus,5k, 5 inputs inly are assigned proper residues from
the subspace spanned b¥, ; elements ofB. ) . )
The remaining k, — 5k, ;) inputs inI, need to be assigned Thus, the expression on the LHS of Inquqhty (3) gives an
proper residues from the subspace spanned by the remairfR§e" bound on the total humber of pr0h|b|t§d residues for
(k — ks — 4ky ;) elements inB. Since none of the remaining®i- As long as this expression is less thak , a proper
inputs inI, belong tol, 5, all of them driveOs. Also, all ks residue fromsS' is guaranteed fof;. Hence, the satisfiability of
inputs in I; and4k, ; inputs in , drive O5. Hence, the total Inequality (3) for all inputs guarantees the existence of proper
number of inputs driving?; must be greater than or equal tdesidues for all inputs in the space generateébindependent
(k5+4k‘475+k4—5k‘475) = (k5+k‘4—k475). Since the maximum test Signals' U
cone size for the circuit i, we havek > ks + kg —ky 5 Which Proof of Theorem 10:The following is an extension of
implies k — ks — 4kys > kg — 5ky 5. Hence, we have the the arguments presented in [5]. Let us consider outpyt
number of remaining elements iR is greater than or equaland determine an upper bound on the number of inappli-
to the number of remaining inputs ify and we can assign cable primitive polynomials of degregé* for this output.
each of the remaining elements khto each of the remaining Let the input dependencies @¥; contain inputé; in p; ;th
inputs in I,. Thus all inputs inf; and I, can be assigned position. Let inputs;,,f;,,---,6;, ., appear in positions
proper residues froms. Hence the circuit is a MTC circuitd 1 through (p; ; — 1) respectively for this output. An appli-
Proof of Theorem 6:An (n,m, k) circuit can be pseu- cable primitive polynomialP(x) of degreek* should en-
doexhaustively tested by* independent test signals if all in-sure that the residue$z® mod P(x), z** mod P(z),---,

j=1
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&5  mod P(z), z' mod P(z)} are linearly independent.

In other words, each polynomia@(z) of the form z? +
fl’;j{l a,z's (Wherea, = 0 or1 and not all of them are

zeros) must not be divisible bi(z). There arg(2rii—1 — 1)

such polynomialg(x) of degreei. Each one of the polyno-

mials Q(z) is divisible by no more tha#/k* distinct primitive

Hence
SE <Y ax@-1)=mxnx@k-1).
=1 j=1

j=

polynomials of degreé&™*. Therefore, an upper bound on theThus, the LHS expression of Inequality (4) is smaller than the

number of inapplicable primitive polynomials of degré&

LHS expression in Inequality (5) and henkg in Inequality

that may assign linearly dependent residues to some inputg4h is bounded above by* in Inequality (5). O

the set{é;,,0 --,924?7_]_71,924} driving O; is given by the
expressionk; ; = (¢/k*)(2Pi~1 — 1). Summing upE; ; for

2R
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