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Abstract — Pseudo-exhaustive testing of combina-
tional circuits usually requires multiple test sessions

and/or more than a minimum number of test signals, -

i.e. unique input sequences. In this paper we present
a methodology for partitioning combinational circuits
such that they can be pseudo-exhaustively tested with
a minimal number of test signals in a single test ses-
sion. Circuits are logically partitioned during test
mode and unrelated inputs are combined to achieve
maximal test concurrency.
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1 Introduction

Exhaustive testing of a combinational circuit with
large number of inputs is very time consuming. To re-
duce test time without compromising on the coverage
of the stuck-at faults, the circuit can be tested pseudo-
exhaustively. In pseudo-exhaustive testing, the circuit
is partitioned into subcircuits, referred to as segments,
and each segment is tested exhaustively. The number
of inputs to any segment is restricted to some predeter-
mined value. A minimum number of special segmen-
tation cells [1, 2] can be placed in the original circuit
to form the segments. These cells are transparent in
normal mode and act as pseudo-inputs and pseudo-
outputs during test mode. The segments need not be
disjoint and each segment can have multiple outputs.

For an (n’, m’) circuit, — n’-input, m’-output cir-
cuit — exhaustive testing with 2" patterns may be
prohibitive for large value of n’. The circuit can be par-
titioned such that no segment depends on more than
k inputs, where k is usually a user-defined parameter
and k < n’. Each segment can be exhaustively tested
with at most 2% patterns. In the test mode, the origi-
nal (n’, m’) circuit gets modified to an (n, m, k) circuit
- n-input, m-output circuit, and each output depends
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on at most k-inputs, where £ < n’ < n and m’ < m.
This is illustrated in example 1.

i Segmentation cell Y Segments
(a) (b)
Figure 1: A partitioned circuit in (a) normal mode (b)
test mode

Example 1 Consider the (6,2) circuit shown in Fig-
ure 1(a). The circuit is partitioned such that each
segment depends on at most three inputs. Two seg-
mentation cells are used to partition the circuit. In
the test mode the circuit is modified to be a (8,4,3)
circuit. The modified circuit along with the segments
are shown in Figure 1(b). a

One method of pseudo-exhaustive testing, namely
vertfication testing [3], partitions the circuit into out-
put cones. An output cone is a segment that includes
all the gates and inputs feeding the output. Thus each
segment has exactly one output. For an (n,m, k) cir-
cuit all output cones depend on at most k-inputs. The
circuit is partitioned into m segments. A test signal
is the unique sequence of binary values applied at a cir-
cuit input. An output cone can be exhaustively tested
with k test signals. In this paper we will consider only
segments formed by output cones.

The segments of an (n, m, k) circuit can be exhaus-
tively tested in two ways. One way is to use multiple
test sessions. The output cones of the circuit can be
grouped into k-testable groups [4]. All the cones in
a k-testable group can be exhaustively tested simul-
taneously with k test signals. The upper bound on
the number of test sessions is ([m/2]), since any two
arbitrary cones can be tested simultaneously.

Another way is to test all segments in a single test
session. The number of test signals required is less
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than or equal to n. Two inputs are said to be related
if there exists at least one output that depends on both
of them; else they are said to be unrelated. Unrelated
circuit inputs can be applied the same test signals in
the test mode. In general, the total number of test
signals required can be reduced from n to w where
k < w < n. Circuits requiring only k test signals are
referred to as maximal test concurrency (MTC)
circuits [3]. In this paper, we will restrict our attention
to pseudo-exhaustive testing using a single test session.

Generation of an optimal test set for pseudo-
exhaustive testing of an (n, m, k) non-MTC circuit is
a hard problem. An optimal test set is a minimal test
set that contains an exhaustive set of patterns for each
output cone. The ireatest lower bound on this num-
ber of patterns is 2*. Test patterns for non-MTC cir-
cuits can be generated by various means: (a) counter
based methods including the use of a constant weight
counter [5], or k-bit counter and n 2-bit multiplexer [6]
(b) LFSRs based on primitive polynomials [1], linear
codes [7] and cyclic codes [8].

To reduce the number of patterns, verification test-
ing [3] employs a minimumn number of test signals. For
a (n,m, k) circuit, the number of test signals required
can be reduced from n to w where k < w < n. Univer-
sal verification test sets can be determined for different
values of w. Test sets are not guaranteed to be optimal
forw>k+1.

It should be noted that an optimal test set can be
easily generated for an (n,m, k) MTC circuit. A k-bit
counter can exhaustively test all output cones. There-
fore we attempt to modify non-MTC circuits during
test mode to achieve maximal test concurrency. Since
the circuit outputs depend only on a maximum of k-
inputs, it may be possible to test the circuit exhaus-
tively with just k test signals by modifying the circuit
in the test mode.

The paper is organized as follows. The motivation
for this work, circuit models and definitions with nota-
tion are presented in Section 2. Section 3 describes the
partitioning algorithm. Experimental results and con-
clusions are presented in Sections 4 and 5 respectively.

2 Preliminaries
2.1 Motivation

In order to test all segments in a single test session,
an (n,m, k) non-MTC circuit requires w test signals,
where k < w < n. However, for testing the segments
exhaustively, all 2¥ patterns are not necessary. Only
those subsets of k-out-of-n combinations of inputs on
which the output cones depend need be tested exhaus-
tively. This leads to designing complicated test pat-
tern generators based on LFSR and coding theories.
On the other hand, if we restrict the number of test
signals to k, multiple test sessions are needed. This is
illustrated in example 2.

Example 2 Consider a (3,3,2) non-MTC circuit
shown in Figure 2(a). To exhaustively test all three
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Figure 2: Pseudo-exhaustive testing of a non-MTC
circuit (a) in a single test session (b) in multiple test
sessions (c¢) modified to an MTC circuit.

output cones (segments) in a single test session, three
test signals are required. The test signals consists of
all 22 patterns. However an optimal test set contain-
ing just 22 patterns is {000, 011, 101, 110}. If the
number of test signals is restricted to k(= 2), two test
sessions are required as shown in Figure 2(b). In the
first session, output cone j is ignored and inputs b and
¢ share the same test signal. The output cones i and
k are tested exhaustively. In the next session inputs
a and b share the same test signal, output cone i is
ignored and output cones j and k are tested exhaus-
tively. The circuit can be modified to achieve maximal
test concurrency by adding a segmentation cell. The
modified (4,4,2) MTC circuit in the test mode is il-
lustrated in Figure 2(c). Input d and output m are
the newly formed pseudo-input and pseudo-output re-
spectively. Inputs a and ¢, and b and d are unrelated
and share the same test signals. a

The partitioning procedures mentioned earlier
modify an (n’,m’') circuit to an (n,m, k) circuit. If
the modified (n, m, k) circuit is an MTC circuit, it can
be tested with k test signals in a single test session.
The patterns can be generated very easily without any
complicated test pattern generators. However the par-
titioning procedures do not guarantee that the mod-
ified circuit is an MTC circuit. Therefore the mod-
ified circuit has to be further partitioned to achieve
maximal test concurrency. This demands more mod-
ification to the original circuit in terms of additional
segmentation cells. In this work, we investigate the
feasibility of modifying non-MTC circuits to be MTC
circuits. There exists a trade off between area over-
head due to segmentation cells and test time due to
multiple test sessions.

2.2 Circuit Model

The combinational circuit is modeled as a directed
acyclic graph. The nodes represent inputs, outputs
and gates. The interconnection signals are represented
by edges. The segments are defined by the output
cones of the circuit. Every output cone of the circuit
forms a subgraph. The subgraphs need not be disjoint.
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A bridge of a graph is an edge whose removal
will leave the graph disconnected [9]. In other words,
a bridge forms a cutset by itself. For the circuit, a
breakpoint is a logical cut of a signal that removes
the dependencies of all inputs feeding the signal from
the output(s) fed by the signal. A breakpoint is im-
plemented as a segmentation cell. An edge common
to one or more subgraphs is said to be a candidate
for a breakpoint if it forms a bridge for all subgraphs
associated with it. A breakpoint has the capability to
make inputs unrelated, i.e. they do not exist within
any single output cone. Unrelated inputs can share
the same test signal in test mode. The concepts are
illustrated in example 3.

Example 3 Consider the (3,3,2) non-MTC circuit
shown in Figure 2(a). The circuit can be modified
to an MTC circuit with one breakpoint. This break-
point is implemented as a segmentation cell as shown
in Figure 2(c). It removes the dependency of input a
from the output k. In other words, inputs a and ¢ are
made unrelated. Inputs ¢ and ¢, and b and d can thus
share the same test signal. o

Primary inputs without fanout, and primary out-
puts of gates without fanout are trivial candidates.
These trivial candidates are not considered for break-
points as they do not contribute to any solution.
Among other candidates, a minimum number of can-
didates are selected and implemented as breakpoints
to achieve maximum test concurrency.

2.3 Procedure Outline

The partitioning procedure for converting an (n, m, k)
non-MTC circuit to an MTC circuit is outlined below:

1. Determine the output cones of the circuit.

2. Identify all candidates for inserting breakpoints
by analyzing the directed graph model of the cir-
cuit.

3. Partition the circuit to achieve maximum test
concurrency by inserting a minimum number of
breakpoints. The resulting unrelated inputs are
combined with each other and share the same test
signals.

The partitioned circuit is an MTC circuit and can
be exhaustively tested in one test session with 2% pat-
terns. This method provides a systematic way for
modifying a non-MTC circuit to be an MTC circuit
during test mode. Unfortunately not all non-MTC
circuits are modifiable due to the non-availability of
suitable breakpoints. For circuits without reconver-
gent fanout, there is at most only one path from any
input to any output. Thus all signals.in the circuit are
candidates for breakpoints.

It should be noted that only bridges are considered
as candidates for breakpoints because of their unique
characteristics. -Otherwise multiple signals have to be
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considered together as candidates to remove the de-
pendency of selected inputs from appropriate outputs.
This will lead to exponential computational complex-
ity in terms of number of signals.

2.4 Definitions and Notation

For an (n,m, k) circuit, let I; denote the jth input,
1< j £ n, and O; denote the ith output 1 < < m.

Definition 1 Dependency matrix (D-matrix)
Dmxn is a binary matriz with elements

di. = | 1 ifOi depends on I,
771 0 otherwise.

The weight of input [; is 3 [, di;. o

The summation Z?:x d;; denotes the number of
inputs on which the output O; depends. Since any
output depends on at most k inputs, E;=1 di; <k,
fori=1,...,m. The weight of an input denotes the
number of outputs dependent on it.

I
I
I

14
Is
Is
I

L

Figure 3: Graph model of an (8,4, 6) circuit.
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Example 4 Let us consider the graph model of an
(8,4, 6) circuit shown in Fig 3. The D-matrix and the

input weights are shown in Table 1. a
L L IT I, Iy Is I: I3
(o} 1 1 1 1 1 1T 0 0
0, 0 1 1 1 1 1 0 0
O3 1 1 1 0 0 1 1 1
O, 0 0 1 1 1 1 1 1
weight | 2 3 4 3 3 4 2 2

Table 1: Dependency matrix

Definition 2 Relational matrix (R-matrix)
Raxn is 6 symmetric matriz consisting of binary vec-
tor elements ri; = b1by ... by where

b = { 1 if Oy depends on both I; and I,
TT1 0

otherwise.
The weight of relational vector r;; is ) .., b;. O



The weight of relational vector r;; denotes the num-
ber of outputs that depend on both the inputs I; and
I;. The R-matrix for example 4 is given in Table 2.
Inputs ; and I; are related if and only if the weight
of relational vector ri; > 0.

L 5L I I, Is Is I Is
L | - 1010 1010 1000 1000 1010 0010 0010
I - 1110 1100 1100 1110 0010 0010
I - 1101 1101 1111 0011 0011
I, - 1101 1101 0001 0001
Is - 1101 0001 0001
Is - 0011 0011
I - 0011
Is -

Table 2: Relational matrix

Definition 3 A candidate represented by o =
(Ip..-13)o....0; corresponds to a common bridge for
the cones of the outputs O;, ..., O; dependent on
inputs Ip, ..., I;. The size of candidate o is
| {Ip,...,I;} |. The weight of candidate a is

(weight of I.), where the summation is over alll; €

L,.... ] . c
Example 5 Consider the graph of Fig 3. The edge
« shown forms a bridge for the subgraph formed by
output cone O3 and depends on inputs I7 and I3. Since
this edge is not common to any other subgraph, it
is a candidate for a breakpoint. The candidate a is
represented as (I7Is)o,. The size of the candidate a
is 2 and its weight is 4 (= 2+ 2). m]

3 Partitioning for Achieving
MTC

3.1 Merging

Two inputs are said to be merged if they share the
same test signal in test mode. Unrelated inputs can be
merged in test mode. Merging an input pair reduces
the number of test signals by one. For an (n,m,k)
circuit, the number of test signals must be reduced
from n to k to achieve MTC. Hence (n — k) input
pairs have to be merged. The results on the merging
concept are summarized below.

Lemma 1 Inputs I; and I; related only by output Oy
can be merged if and only if there ezists a candidate
for output Oy that includes ezactly one of the inputs.

Proof : (If) Assume there exists a candidate for out-
put Oy that includes exactly one of the inputs J; or I;.
Selection of this candidate as a breakpoint ensures out-
put Oy depends on exactly one of these inputs. These
inputs become unrelated and therefore can be merged.
Note: If the candidate depends on neither I; nor I;,
then selecting it as a breakpoint still makes Oy depend

on both the inputs. Hence inputs I; and I; cannot be
merged. On the other hand, if the candidate depends
on both the inputs, then selecting it as a breakpoint
ensures Oy depends on neither I; nor I;. However, the
newly formed pseudo-output will depend on both the
inputs. Hence inputs ; and I; cannot be merged.
(Only if) Suppose there exists no candidate for out-
put O that includes exactly one of the inputs. No
other candidate can make the inputs unrelated. There-
fore the inputs cannot be merged. a

For the general case, the necessary and sufficient
condition to merge an input pair is given by the fol-
lowing theorem.

Theorem 1 Inputs I; and I; related by ry; =
bibs...bm can be merged if and only if for every
by # 0, there ezists a candidate for output O that
includes ezactly one of the inputs.

Proof : Case 1: Weight of r;; = 0

Inputs I; and I; are unrelated and therefore can be
merged.

Case 2: Weight of r;; > 0

(If) Suppose for every b, # 0, there exists a candidate
for output O, which includes exactly one of the inputs.
Selection of these candidates as breakpoints ensures
that none of the outputs depend on both the inputs.
Hence the inputs become unrelated and can be merged.
(Only if) Suppose there exists a by # 0 such that
no candidate for output O, includes exactly one of
the inputs. No other candidate can ensure that Oy
does not depend on both the inputs. Hence the inputs
cannot be unrelated. Therefore inputs J; and I; cannot
be merged. o

Corollary 1 Merging of a related input pair requires
at least one breakpoint.

Proof : An input pair can be merged only if they are
unrelated. If the input pair is related by more than one
output, more than one breakpoint may be required to
make them unrelated. Thus a breakpoint need not
necessarily make any input pair unrelated. a

3.2 Procedure

We shall now describe a formal procedure for mod- -
ifying an (n,m, k) circuit, where k& < n, to achieve
maximal test concurrency.

procedure mtc():

1. Form D-matrix Dinxn = [dij] and determine the
weights of the inputs.
Form R-matrix R,xn = [ri;] and determine the
number of zero relational vectors.

2. While there exists a zero relational vector rj;,
merge inputs I; and I; by modifying the D
and R matrices.
Let p inputs be merged. To reduce the number of
test signals to k, (n — k — p) = ¢ (say) additional
inputs must yet be merged. :
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3. Model the circuit as an directed acyclic graph and
determine candidates for breakpoints. Let N be
the total number of candidates. Sort the candi-
dates according to their sizes in the following or-
der: q, (Q+l)! (q+2)1 ceey (k—l)a k, (q—l): (q_
2), ..., 2, 1. For candidates with the same size,
sort in increasing order of their weights.

4. Let n « 1 be the number of breakpoints consid-
ered at a time.

5. Select a new set of n candidates from the ordered
candidate list.
For each candidate selected

(a) assume it is implemented as a breakpoint. A
breakpoint produces a new pseudo-input and
pseudo-output.

(b) include the pseudo-input and pseudo-output
in the D and R matrices.

6. Merge all possible input pairs by modifying the
D and R matrices after every merge. All of the
newly created pseudo-inputs must be merged with
original inputs. Let z of the original set of inputs
be merged.

7. If ¢ = z then exit with success; else

(a) restore original D and R matrices as of
step 3.

(b) if all possible sets of n candidates had been
considered, increment n by one.

(c) if n > N then exit with failure; else go to
step 5.

Explanation: For an (n, m, k) circuit, where k < n,
the number of test signals must be reduced from n to
k. Since merging an input pair reduces the number of
test signals by one, the total number of input pairs to
be merged is (n — k). Unrelated inputs can be merged
with each other.

For merging with input I;, whenever there are
choices of other inputs, the one with the maximum
weight is selected. This heuristics helps in merging
maximum possible input pairs. Merging of inputs
I; and I; collapses their columns into one in the D-
matrix. The binary entries in the original columns are
or-ed to create entries for the collapsed column. The
R-matrix is also modified accordingly.

A candidate of size ¢ has the capability of making
at most 2q input pairs unrelated. Thus at most ¢ in-
puts can be merged. However inputs associated with a
candidate cannot be merged with each other. Among
two candidates with equal size, the one with lower
weight is preferred since inputs with lower weights can
be merged more easily. Inputs of weights m can be
ignored as all outputs depend on them. They cannot
be merged with other inputs.

When a candidate is selected as a breakpoint, it
creates a new pseudo-input and pseudo-output. The
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number of rows and columns in the D and R matri-
ces are increased by one. The length of all relational
vectors is also incremented by one.

A solution with a minimal number of breakpoints
is sought. Hence all possible sets of n candidates are
considered with n ranging from 1 to N.
Complexity: The computational complexity of de-
termining candidates is linear in terms of number of
signals in the circuit. The selection of minimal set
of breakpoints is exponential in terms of number of
candidates. The special way of sorting the candidates
helps in determining a minimal solution much faster.
However a greedy heuristics can be employed to ob-
tain non-minimal solutions. Such a heuristic is not
presented in this paper.

Example 6 We shall illustrate the partitioning pro-
cedure with the (8,4, 6) circuit whose graph model is
shown is Figure 3.

1. The D and R matrices are given in Tables 1 and 2
respectively. The number of zero relational vec-
tors is zero.

2. The number of inputs merged (p) is 0.
The number of inputs yet to be merged
(n—k-p=gq) is2.

3. Since the circuit has no reconvergent fanouts, all
the signals are candidates for breakpoints. The
total number of candidates (N) is 17. The can-
didates sorted according to their sizes and weights
are:

Size = 2: (I71s)o,, (I71s)o,, (I I2)o,, (I112)o,,
(I314)0,0,04, (I515)0,0,04-

Size = 3: (Is['f[s)oa, (Illgfa)oa.

Size = 4: (I3I415Is)ol, (13.[41516)0,,
(IalsIsIs)o, .

Size = 1: (I2)0, 04, (I2)o,, (I3)0,0:04, (13)0s;
(I6)0,0,0., (Is)os-

4. The number of breakpoints considered at a
time (n) is 1.

5. The selected candidate for breakpoint is @ =
(I7I3)o, and its size is 2. The candidate a is
shown in Figure 3. The new pseudo-input is Iy
and the pseudo-output is Os. The modified D-
matrix is given in Table 3.

6. Inputs I, Is and Iy can be merged with I3, I,
and I4 respectively. The number of original inputs
merged (z) is 2.

7. Since ¢ = z, exit with success.
The test mode version of the circuit in Figure 3
with the breakpoint inserted and merged inputs is
shown in Fig 4. a



| I, Is Iy Is Is In Is Iy
O] 1 1 1T 1 1 1 0 0 0
0O,/0 1 1 1 1 1 0 0 O
O3/1 1 1 0 0 1 0 0 1
O,/0 0 1 1 1 1 1 1 O
Os{0 0 0 0 0 o0 1 1 O

Table 3: Modified dependency matrix

Figure 4: Graph model of modified example circuit

4 Experimental Results

The procedure mic is implemented in C++ and tested
on a variety of circuits including the ISCAS-85 com-
binational benchmark circuits [10]. Table 4 presents
some experimental results. Columns 1 and 2 refer to
various circuits and their (n, m, k) characteristics. The
number of inputs merged prior to determining break-
points is given in column 3. After merging the unre-
lated inputs, the circuit is checked for maximal test
concurrency. The results are noted in column 4. The
total number of candidates for breakpoints available
in the circuit is listed in column 5. The minimum
number of breakpoints required to achieve maximal
test concurrency and the number of solutions with this
minimum breakpoints are given in columnn 6 and 7 re-
spectively.

The circuit mtc! is the example circuit whose graph
model is shown in Figure 3. Note that most of the
benchmark circuits, namely the last four in the ta-
ble, are MTC circuits. Execution was aborted for the
benchmark circuit ¢2670 due to memory limitations.
The execution time is curtailed for the benchmark cir-
cuit ¢3540.

5 Conclusions

This paper presents a novel method for partitioning
circuits such that they can be pseudo-exhaustively
tested with a minimum number of test signals in a sin-
gle test session. Though it is applied to circuits parti-
tioned as output cones, the technique is applicable to
other partitioning methods. A combined strategy is
under investigation for partitioning circuits such that

1 2 3 4 5 6 7

ckt (n,mk) | merge | MTC | cand | bpt | soln
mtel (8,4,6) 0 no 17 1 6
mtc2 (10,5,7) 0. no 3 1 2
mtc3 | (5,6,4) 0 | no |24 |3 }|a

60 | (154,10) 5 | yes | 11° [NA| -
880 | (60,26.45) | 15 | yes | 264" | NA| -

c1355 | (41,32,41) 0 yes | 32 [NA| -
c1908 | (33,25,33) 0 yes 0* |NA| -
2670 | (233,140,57) | - . -

c3540

(502246) | 1 | no | 32 |>2] -

*Candidates are not needed since it is a MTC circuit.
NA - not applicable.

Table 4: Results on benchmark circuits

the requirements — (a) the number of inputs to seg-
ments is restricted to some user-defined value, and (b)
the circuit is maximal test concurrent in test mode —
are met simultaneously rather than in a two-step pro-
cedure.
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